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CLASSICAL SOLVABILITY OF THE RADIAL VISCOUS
FINGERING PROBLEM IN A HELE—SHAW CELL
A. Tani and H. Tani

Abstract. We discuss a single-phase radial viscous fingering problem in a Hele-Shaw
cell, which is a nonlinear problem with a free boundary for an elliptic equation. Unlike
the Stefan problem for heat equation Hele-Shaw problem is of hydrodynamic type. In
this paper a single-phase Hele-Shaw problem in a radial flow geometry admits a unique
classical solution by applying the same method as for Stefan problem and justifying the
vanishing the coefficient of the derivative with respect to time in a parabolic equation.
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1. Introduction

Viscous fingering occurs in the flow of two immiscible, viscous fluids between
the plates of a Hele-Shaw cell [1]. Due to pressure gradients or gravity, the initially
planar interface separating the two fluids undergoes a Saffman—Taylor instability
and develops finger-like structure. The Saffman—Taylor problem [2] is a widely
studied example of hydrodynamic pattern formation where interfacial instabilities
grow and evolve (see [3-5] and the literatures therein). Experiments and theory
focus on two basic flow geometries: (i) rectangular [2] and (ii) radial [6]. For both
geometries the initial developments of the interface instability were discussed through
the linear stability theory in [3]. However, the significant differences have been
reported between the dispersion relation derived from the linear analysis and that
obtained from the experiments if the surface tension effect is not negligible, which
call attention to the validity of Hele-Shaw approximation and the new formulation
with physically reasonable effects. Among them one is the wetting layer effect [7-10]
and another is viscous normal stress effect [11,12].

For the radial fingering phenomena linear stability was discussed in [9] with the
former effect and in [12] with the latter effect. Weakly nonlinear analysis was done
first by Miranda and Widom [13] without any effect, and recently by Tani in [10]
with the wetting effect and in [14] with the viscous normal stress effect.

Most of mathematical results have been established by applying the complex
function theory (see [15] and the literatures therein). There are a few results from
the exact mathematical analysis: for example, [14,16] for one-phase problem with
surface tension and [17,18] for two-phase problem in the standard Holder spaces;
[19] for one-phase problem and [20] for one-phase problem with surface tension in
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the little Holder spaces; [21-23] for one-phase problem with surface tension in the
Sobolev spaces. There are some papers not only [19-22| discussing in the multi-
dimensional case, which are absurd from applied viewpoint because Hele-Shaw flows
are inherently two-dimensional.

Such a fingering pattern may be found even at a single fluid interface when an
incompressible fluid surrounded by air is located between the parallel plates of a
horizontal Hele-Shaw cell. We consider this problem in a radial flow geometry and
in the classical framework in this paper.

This paper is organized as follows. In section 2 we formulate the problem
discussed in this paper and describe the main theorems. In section 3 the problem
in section 2 is reformulated. In section 4 the linear problem of the reformulated one
is analyzed by following the arguments due to Bazalil [16,17] and Bizhanova and
Solonnikov [24]. The most importance is to get a uniform estimate of the solution
with respect to a parameter as in [17,25]. For that it necessitates to modify the
discussion used in the Stefan problem since the boundary conditions on the interface
for the Hele-Shaw problem cause further difficulty. In sections 5 and 6 the original
nonlinear problem and the passing to the limit of the parameter are discussed.

2. Formulation of the problem

We consider a slow quasi-stationary displacement of air by a fluid in the Hele—
Shaw cell. Fluid is assumed to be immiscible and incompressible. The motion is
quasi-two-dimensional and all characteristics of the flow are averaged over the cell
thickness. This approximation, so-called Hele-Shaw approximation, is traditional
for problems of this type.

The motion of such a fluid is described by

V.v=0, v=-MVp in Q(t), t>0. (2.1)
Here v is the velocity vector field and p is the pressure in the fluid; the second
equation in (2.1) means Darcy’s law (M = b?/(12u) is mobility; p is the fluid
viscosity; b is the width of two plates). In discussing the fingering problem it is
sufficient to consider (2.1) under the following geometrical situation:

Qt) = {x€R2|R* < |z| <R(t)+{<%,t>},

where R, is the radius of the hole through which the displacing fluid is injected at
a flow rate Q(t), R(t) is the time-dependent unperturbed radius satisfying

TR(t)? = 7R3 +/Q(T) dr, Ry = R(0)> R,
0

and ( is the perturbed radius.
In addition, we impose the following boundary conditions:
Q)
27 R,
v-n=V, p=p. on I'(t), t>0,

on T, = {z € R? | |z| = R.}, t >0,
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where

r(t){zem2||x|R(t)+<<i t>}

|’

V. is the normal velocity of the interface I'(¢), n is the unit outward normal vector
on I, or I'(t) and p. is the pressure in the displaced air, and the initial conditions
are

Vo =v, p=p" on Q) =0,
Cli=o=¢" on T(0)=T (¢" > R. — Ry).

Our problem is to find (v,p) and ¢ satisfying (2.1)—(2.3), which is reduced to
find p and ( satisfying

Ap =0 1in Q(¢t), t >0,
QL) on I, t>0,

21 R, (2.4)
—MVp-n=V,, p=p. on I'(t), t>0,

—MVp-n=

plio=p" on @ (leo=¢" on I

As the compatibility conditions p° is assumed to satisfy

Ap® =0 in Q,
v & ] 5
MVp® -n SR on I, (2.5)

P’ =p =pelt—o on T.

It is more convenient to rewrite (2.4) in polar coordinates (r,6):

10 Op 182p7
}ﬁ205)+ﬁ&ﬁ‘o

(R. <7T < R(t)+((0,t), 0<0 <2m, t>0),
R0

or  27R, (2:6)
2.6
M (ap 1 0¢ ap) 0

(r=R., 0<6<2m, t>0),

o 2a900) ~ g B+,

p="pe (r=R(>)+¢0,t), 0<0<2m, t>0),
plico = p° (Re <7 < Ry +¢%(0), 0<0 < 2m),
Clico=¢" (0<0<2m).
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Besides problem (2.6) we consider the following problem:

10 dp 1 0% ~ Op
W(TE)W@%W
(R. <r < R(t)+¢(0,t), 0<0 <2m, t>0),
Ip Q)
- = — — <
M@T rR. (r=R. 0<0 <27, t>0), o)
2.7
Op 1 090Cop 77&
M <6r 2 90 ae> = BOTO,

p=pe (r=R()+{0,t), 0<0<2m, t>0),
plico = p° (Re <7< Ro+¢°(0), 0<6<2m),
Cl,o=¢" (0<0<2m)
with € > 0 and f being given later.

Now let us transform the free boundary problem (2.7) into the problem on a

fixed domain. Introduce the transformation from
Q(t) = {R. <r <R(t)+((0,t), 0 <0< 2n}
onto
Q={R.<r <Ry+¢"0), 0<0 <2r}
by the change of the independent variables
r = RO + CO — R,
R+ ¢ — R,

and the unknown functions

(r—RJ)+ R, 0=0 1t =t

p(r,0,t) =p'(r',0',t), ((0,t)='(0,1).

By omitting all the primes for simplicity, problem (2.7) takes the form

Engfp—sf in Q, t>0,

Oop Q) R+{-R.

E27rR(Z\/[R0+CO—R on I, ={r =R, 6€][0,2n]}, t >0,
¢ Op dp Q)

5—52(05—51(0%4—%7 (2:8)

p=pe oOn FE{T:R0+CO(9), 6 €0,2x]}, t >0,
0

pli=o =p° on
Cli—o = ¢° on [0,27].
Here
0 0 1
LF = ¥F (r 0; — —) =
¢ ¢ sy Uy ) "R, P)
O 00) (Rt geetm (r = R.)

92 1 dco 1 & 0?
x [ﬁ+2<RO+c0—R*@ R+C—R*%> (r=R)5.80
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R+¢—R, 2/ Ry + ¢~ R.\?
+((R*+Ro+<OR*<T_R*)) (R+CR* )

1 dco 1o\’ 5\ 02
+<R0+CO—R*@R+C—R*%> (TR*))ﬁ}
_ 0 _
{ r— R, a(R+C)+ 1 Ry + ¢ R.

Er———F——F—— _
R+ (- R, 0t R+ gt (r— R.) R+ (- R.
r— R,

9 1A 1o
(R*+M(TR*))2[%< do _)

BCR Ro+("—R,d) R+(—R,00
1 dco 1 8\ 9.
+<RO+§0—R*@R+C—R*%) ]}E’

~[Ro+¢°—R. 1 ac\? 1 8¢ded
bQ(OM[ Ri(-R. (”(Rw&)? <%) )(Rw&)ﬁﬁ]’

IS
(Ro +¢0)2 00

Jr

bl(C) =-M

Now we choose
r— R, op°® 0

T O Q.
Ro 1 CO—R, or ot on

f (R+¢)

t=0

Before describing the main results, we introduce function spaces. For a domain
QinR" (n € N) and any T > 0 let CY(Q) and C5/*(@7) (@7 = Q x [0, T7]) with
l=k+a, keZ k>0,ac(0,1) be the standard Holder spaces constructed with
the use of the following semi-norms:

[ @ = u @ + ()@, Jul® = sup (e8], (@) = @)+ (),

(2,)€Qr
<u>(a) — sup |’U,(:L', t) — u(y, t)| <u>(a) — sup |’U,(:L', t) - ’U,(IL', t/)|
Y yen w—yle T g it —t/]e
z,y€Q, t€[0,T] z€Q, t,t'€[0,T]
(see [26]). We also use the semi-norm
t) — t) — t’ t’
WSy 0w ) u)]

z,y€Qt,t'€[0,T] |z — y|o|t — t/|P

and define the Banach spaces Ek+a(§T) (k = 0,1,2) that are obtained as the
completion of infinitely differential functions in respective norms

lulla = Nl e g,y = B/2ul = supfue, )] + ()@ + [u] /2,
(z,t)€Qr
D**[u] = sup |u(z, )| + (W)@ + (W)Y + [u]( @),
(Ivt)eaT
k—1

lulliea = lull g, , = B/ [Dku] + 37 D¢ [Diu]
=0
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(DI; = Z . (jis a multi-index), k = 1, 2),
|71=Fk
and the space P2 (Qr) with the norm ull pzre g, ) = llE0sulla + [lull21a- We also
introduce the spaces

E* @) = {u| v e E>*(@Qr), e E'*(Qp)},
||u||§2+a(§T) = |lullara + [|10:ull1+1a;
EHQ(@T) = {U |u€ E*"(Qr), O € EQ(QT)} ;

[ull g2va gy = lullzra + [10rula;
(Q@r)

2
E*(@Qr) = {u | Nl gz e,y = D> E“**[Dhu] < oo} :

k=0
2

1
B2 (@) - {u g, = S E“/2[Dku] + 37 B**/2Dk o] < oo} ,

k=0 k=0

2
B2 (Qr) = {“ | ull g2 o g,y = D B4 [Dyu] + B8] < oo} '
k=0

Denote by E*"*(Q;), P.>"*(Qr), etc. the spaces of the corresponding spaces whose
0 0

elements are equal to zero at ¢ = 0 together with their admissible derivatives with
respect to t.

For a smooth manifold " in R*  CY(T), Ci’ylt/ *(p), ete. are defined with the
help of partition of unity and of local maps.

The following is our main result.

Theorem 2.1. Let T > 0 and a € (0,1). Assume that (p°,¢°) € C37%(Q) x
C*t(|0,27]) satisfy the compatibility conditions, 9p°/dr < 0 on T, p. €
Cgta’(wa)m(l}) and @ € C%([0,T]). Then there exists Ty > 0 depending on
the data of the problem such that problem (2.8) with e = 0 has a unique solution
(p,¢) € E*"*(Qr;) x E?te (D).

Theorem 2.1 is proved in several steps. First we consider problem (2.8) with
€ > 0 in the classes of smooth functions, and then show that this solution converges
as € — 0. For that it is necessary to use the function classes where the uniform
estimate in ¢ holds.

Theorem 2.2. Let ¢y > 0 and the corresponding assumptions in Theorem 2.1
hold. Then there exists Ty > 0 depending on the data of the problem and &g
such that problem (2.8) with a fixed ¢ € (0,e0] has a unique solution (pe,(;) €
P21 (Qr,) x E*"*(Tp,).
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3. Reformulation of the problem

Let € € C’4+CY 2+O‘/Q([O, 27| x [0,T]) be an extension of ¢° such that

¢ a¢ 9% ¢, ¢ 9%¢
ot ot )|, at’ o2
where (9¢/0t,0%C/0t?)|—o are obtained from the third equation in (2.8) and its
derivative in ¢ at t = 0.

?

=0

We seek a solution of problem (2.8) in the form

r— R, <
:*+0+7— , (=C+C 3.1
pppR+CR8TCCCC (3.1)
Then (2.8) becomes
58;; — Lt L d i Q, >0,
Wy, on L. t>0,
or (3.2)
oc” -, Op” op* o * Nk
o b0 5 - — b Q)= 55 =V P —d((C =¥ on T, >0,
Plizo=00n Q, ¢*|,_ =0on [0,2n].
Here
2
ﬂf( B %) el
(R T Roro— R, (T*R*))

d¢® 1 ¢ - R.) 92
R0+C0 R.d0  R-c—nmr,00)" " oroe

(( R+(—R. (T_R))Q(R0+CO—R*)2
Ry +¢"—R, : R+(—R,
-\ 2
1 dge 1 & 2\ 927
+<7RO+CO—R*@7R+§R*%> (TR*)>ﬁ]’

. ap 9 .
O° = (p*, (") = Lp— Zp" —e(r — Ri) 61; 5 <7R+2R >€f;

r—R, ai> . REC-R. Q)

Ve = W (¢7) = *% <p0 +

R+(—R, Or Ro+ (% — R, 2rR.M’
. dp dp op* -9 9¢C  Q
Uy =W (p*, ¢ ):bz(C)a—erl(C)(%, ba(¢) 5 or = b1(¢) % 9t IR
Uy = pe — '
- Ro+ ¢ — R, 9p°
i) = Fote - R Op
R+(—R, Or

with (p, ¢) substituted by (3.1). Note that the assumption Op°/0r < 0 on T implies
d(¢) > 0.
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4. Linear Problem
In this section we consider the following linear problem:
0
sa—?—f*u:qb in Q,t>0,
ou
— =1y I, t >0,
gr  Ueoon ~ (4.1)
do - Ou - Ou -
— —) — =) — = —d = It 0
5 0205 —bi(Q)5, =¥, u—de=¢2 on I, t>0,
ul—0=0 on Q, oft—0=0 on [0,2n]
for given ¢, 1y, ¥1, 12 under the conditions by > 0, d > 0.
First we study three model problems in the whole- and half-spaces:
0
sa—?—fu:f ((z1,22) €R2, £>0), ulp_g = 0; (4.2)
0
66_1; —ZLu=f ((v1,22) €ER? ={(21,22) ER* |22 >0}, t >0),
ou (4.3)
= =0, ult=0 =05
8:62 Z£o=0
0
56—1; —ZLu=0 ((561,352) € Ri, t> 0) ,
do ou 4.4
L (4.4)
ot 6.’1}2 . g1, u Q| 2=0 92,
(’LL, Q)'t:O = 0.

In the above

2 2
_g: Zajkai

Prmd) O0x;0xy,

is the second order partial differential operator with positive real coeflicients a

which constitute positive definite symmetric matrix, and b and d are positive

constants.

For problems (4.2)—(4.4) we can assume without loss of generality a;; = J;i by
changing the independent variables (cf. [26]). Then the solutions to problems (4.2)

and (4.3) for £ = A are given by

t
u(z,t) :/dT/Fg(ac—y,t—T)f(y,T)dy,
0 R2

and
t

(o, t) — /dT/NE(x oyt — )y, 7) dy,
0 R2

respectively, where

_elzf?

—} , = (2, ),

L. (x,t) = 2 Y (4xt) ™2 exp { pm

(4.5)

(4.6)
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Ne(z,t) = To(2, o, t) + T (2!, —2n, t), n=2.

Applying the same arguments as in the estimation of the volume potential for the
heat equation to the integrals in (4.5) and (4.6), we have uniform estimates with
respect to e for the solutions of the problems (4.2) and (4.3) (see, [17,26])

ou

ol T [ull2+a < Cillflla- (4.7)

[e3

€

For problem (4.4) by making use of the Fourier—Laplace transformation

oo oo

tﬁfM@wmﬁzﬂ@wmﬁz/@ﬂWf/eqﬁwwhuiﬂm

0 —o0

asin [16, 17, 24], the parabolic equation is reduced to an ordinary differential equation
in xo, so that we get

(€, e, 8) = 0(&,8)e™ "™ (12 >0), re=r(s,8) =+es+&, Rer.>0. (4.8)

From the boundary conditions in (4.4) it follows that

br:v 4+ so = g1, ©—do= go.
Solving these, we obtain
1
~:7~—b q ~:d~ ~. 49
0= s, 01— brefe), U =do+ 5o (4.9)
The solution of problem (4.4) is given through the inverse Fourier—Laplace
transformation
1 .
v(zy,t) = (FL) o] = 5 /e””15 d¢ / e o(¢, 5) ds
i
R Res=a>0
as follows.
1
t)=(FL)' | ——— —W(FL) reg
o)~ (FL7 [ -0 .

U(l‘lat) - dQ + g2,

where * means a convolution with respect to x; and t.
By following the arguments in [16], let us derive the explicit representation of

1

Ziant) = (P [

y t>0. (4.11)

For simplicity let db = 1. Since

oo

(s+ 55+§%*1:1/emﬂ77@%f es+ &€2)]dr,
0
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a-+ioco

1
— _ 2
o / exp[—7(s + Ves + £2) + st]ds
1 a-+ioco 1 a-+ioco
- _ = _ 2
5 / exp[—7s + st] ds;f; 5 / exp[—7v/es + &2 + st|ds
VE 3 £t er?
=5t — 1) % L7t~ o2 0
( T):l; 2ﬁT exp . P (a>0),
where * means a convolution with respect to t, so that
> r e _ £t er?
Z.(&t) = /5(t —7) * %Tﬁ 3/2 exp {? - 4_t] dr

0

- %jT(tT)S/%Xp {%Q(tf) 4(57_27)} dr
0

t/e
t—ez

1
i
0

exp [—522 —

Therefore, we have

oo

Zetort) = 5= [ Zuté.t)cos(emn) dg

0

oe 2 2
1 t—ez x5 t—ez)
= — —— ———| dz. (4.12
/ exp{ 4z 4z 2 )
0

From (4.12) it easily follows

Lemma 4.1. Inequalities

1+ et

|Z€(1'1,t)| S CQt ;L‘% T t2 5

0 1+ et
9 Z ()| < YL 413
0x1 (1 ﬁ)’ < G x? + 12 ( )

2 1+ et
0x? (22 + 12)3/2

0
‘EZE(.’I;l’ﬁ)’ + ‘

o

—8t8:r1 Zg(l‘l, t)‘ + ‘

Za(wl,t)‘ < Cy

hold with a constant Cy independent of €.
Lemma 4.1 implies

oo

lim [ Z.(21 — €0)£(6) € — f(z1) (4.14)

t—0
—o0
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for any bounded continuous function f(z1).
Introduce the notation

w(zy,t) = (Ze xg) (x1,t) = /dT / Z(x1 —y,t —7)g(y, ) dy,
0 —00

W(21, 1 O/d Zo =yt — gy )y (h>0).

For wy, it is clear to hold

&, /d/ 5 21—yt = )gly,7) — glar, 7)) dy

t—h o

0
v /gum)ch/azsm—y,t—ﬂdw/z€<x1—y,h>g<y,t—h>dy.
0 —0o0o —0o0
Making use of (4.14) and the formula
t/
8 et —ez) 5 (t —ez)?
g e =~ / TG ) eXP[“T dz

V) 23t +ez) ¢
0

together with the estimates in Lemma 4.1, we have after passing to the limit A — 0

! M Xp [—522 - %} dz (4.15)

2 i, /d/; o1 =t = P)g(y,7) — gl ) dy

oo

0
+/g<x1,v>d7/gzgulfy,t—ﬂdwg(xl,t). (116)
0 —00

Analogously we have

w(xy,t /dT/ —y,t—T) <§yg(y,'r) - %g(z1,7)> dy. (4.17)

We begin by estimating the first term denoted by w' in the right hand side of
(4.16). Following the arguments in [26], we get
wT(‘Tlat) - wT(xllat)
/ 0
:/dT / EZE(xl —y,t —7)(g(y,7) — g(x1,7)) dy

0 |z1—y|<2]z1 -]
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t

_/dT / ng(xll —y,t = 7)(g(y,7) — g(z1, 7)) dy

ot
0 |1 —y|<2|z1—z]|
/ 0 0]
+/d7— / <§ZE(IE1y,tT)&Z( /1y7t7_))
0 |z1—y|>2|z—z]|

x (g(y,7) — g(x1,7)) dy

4
0
e —gemar [ S gt = 3oL @)
0 |z1—y|>2|z1—z]|
Applying Lemma 4.1 to I;, we have

t—T)
Ll <! (a) / —yl*d /
| 1| = 3<g>z |331 y| |.’IJ y|2

t— 7)2
|z1—y|<2|z1—2]]

<CGUVEY [ eyt
o1 —y|<2|wy —af |
< Cs(e0, T)(g){M |1 — @ |
I is estimated by just the same way as I;. For I3 we do in the same way with the
help of the mean value theorem. Finally for I, we get

t
[e3 [e3 8
< G —aife [ar] [ Sz - nndy

0 |z1—y|>2]|z1—=]|

< Caleo, T)9){M |a1 — |
due to (4.15) and Lemma 4.1. Second term in the right hand side of (4.16) is
estimated similarly. Hence we obtain

ow (o)
<E> < G520, T)(9). (4.19)
Next the difference with respect to ¢ of w' is expressed for ¢/ < t:

wh(zy,t) —wi(z,t) = /dT/%Za(wl—y,t—T)(g(f%T)_g(xlaT))dy

2t —t —0o0

t oo
0
B / dT/%Za(wl—y,t’—T)(g(y,T)—g(wlaf))dy
20—t  —oo
2t' —t

/d/( (01 = 90t =7) = gy Zeler it = 7)) 0l7) — oo, )y
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Lemma 4.1 yields

1| < € g) (a)/ /|$1*y| (L+ Vet —7))

(r1 —y)2 +(t—7)2 v

2t —t —oo|

t

o 1+ « «

< Chlg)le 0 _V T)l — dT<c6 T){(g){ |t —t'|*.
2t —t

I} is estimated by just the same way as I]. For I} we do in the same way with the
help of the mean value theorem and the estimate of 92Z.(x1,t)/0t*:

t/e

2 2 i ’
c ea? T t—ez)
. N
‘8752 Zg(xl’t)‘ = Crig e [ 4t ] " 07/ o { T
0

After some lengthy calculations we get
(whi™ < Cs(e0, T)(g)-

Second term in the right hand side of (4.16) is estimated similarly. Hence we obtain

o\ (@
(5) = Calea T + 6. (4.20)

From (4.16) we can derive

0 0 o}
(’%axl w(z,t /dT/at (1 — y,t7)<a—y9(y77)a—$19($177)) dy

o0

0 0 0
+/6—xlg($177)d7 / azs(ffl*yvt*T)dera—le(xht)-

0 —o0
Then, repeating the above arguments, we obtain the estimates

92w (a) g () 9w (a/2)
< T) 5 < T . (421
<8t6m1>l < Cuo(o, )<ax1>z : <6t8x1>t < Cuo(eo, T)llgll1 - (4:21)

We come to the estimate [Gw/dt](*®). Since w! can be written as

/d/ ) (9t —7) — glan,t — 7)) dy,

wh(21,t) — wh(z,t — At)

Ao = Wi

oo

— /dT/ %Zg(xl—y,T)(sD(y,t—T)—so(wht—T)) dy
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:/dT / %Za(xl _yat_T) (‘P(y’T)_(lD(‘Tl’T)) dy
0 — 00

for At > 0, where

~g(wy,t) — g(wy,t — At)
@(‘Tlvt) - (At)o‘

Again the above argument implies

(WHE) < Cr1 (e, T) @) — Cna(e0, ) sup 12210 221, 1)

1,2t |=731 _l‘lllo‘
x ’t — 'rl?t _ & 7t*At + IEl,t*At
= C1i(e0,T) sup l9@1,t) — g(2,1) — 9 /la a) g9(zy )|7
w12t |1 — 21 [*(At)

and hence
[w!](®*) < C1y (0, T)[g] ).

Second term in the right hand side of (4.16) is estimated similarly. Thus we obtain

dw] (@
[E} < Cra(e0, T)[g) ). (4.22)
Similarly we have
92w (a,/2) (o,0/2)
|:at6.%'1:| < 612(50, T |: :| (423)
Now it is necessary to get the representation of (#.%)~1|r.ga|:
t 00
. 0?
(F2) el =25 [dr [ s = pwat = Dty dy
332 0 —00 z2=0
82 t 00
ZQF/dT/Fl('rl7y7z27t/7T)G2(y7T)dy )
:L.Q 0 —00 z2=0

where t' = t/e, Ga(x1,t') = go(x1,t), T1 = T|c—1 (see [25]). From this we have
(Z.L) M rega])(@/? < C13(Go) I (5)/2)
= Cy3((ga)(1H®) 4 g(1+a)/2( g\ (1Fa)/2)y

Equation (4.9) and estimates (4.19)—(4.23) lead to

The same arguments can be applied to (4.17) with the help of Lemma 4.1, so
that similar estimates to (4.19), (4.20) and (4.22) hold for §%w/dz?:

< Cueo, T) (lgallira + llg2ll21a) - (4.24)
1+a

dg

61}1

)
(e

< C15(€07T)‘

H 6951

(63
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82w (a) dg (o)
i S 2N
<3$§> - Clﬁ(EO’T)<3$1>

t x

moreover, we have

Lower order derivatives of w are easily estimated. Therefore, from (4.9) we deduce

lellzia < Ciz(eo,T) (llg1ll1+a + llg2ll2+a)

62Q (@) dg1 (a) dgo (1+oa,(1+a)/2) (425)
_ = < T - = .
<ax%>t < Cisleo, >(<ax1> +<ax1> )

x

Estimates (4.24) and (4.25) easily give the estimate for v(z1,t) in (4.10):

v 0g2
5] <ol < oo (e + oo | 2] ). a0
For u(ac, t) we prepare two representations:
t o a
u(z,t) = —2/d7 / a—FE(:El —y,xa,t — 7)v(y, 7)dy, (4.27)
x
0 —0o0 2
t [e%e}
1 00
u(@,t) = =2 [dr [ Te(er -y a2t =7)g(y, M) dy, 9= |-+ 5 ) (4.28)
0 —00
since v is represented as
I - . -
U=g2+do = (=01 +50).
Te

Here we use (4.27) for the estimates of 9%u/0z%, 9*u/0x3, Ou/Ox1, and (4.28) for
the estimates of 0%u/0x10w2, Ou/dxs.
Introduce the notation with ¢t/ = t/e

’LL(.CC,Et/) - U(IL‘,t/), ’U(JEl,Et/) - V(xlvt/)v g(xlvst/) - G(xlvt/)'
Then, (4.27) and (4.28) are represented as

I
Uz, t') = oMLy and Uz, t') = =20 * G,
61}2

respectively. We can find the following estimates (see [26]):

OT (a/2) o or (a) o
<8—1*V> < oo (V)72 <—1*V> < Cop (V) 4 (V) /2.
T9 o Ora N

Simultaneously we have

92U (ae/2) 02U (a/2) 92V (a/2) oV (ae/2)
- - <C v
<85E% >tf +<3JE% >t’ = << 335% >t’ +<3t’ >t, )7

92U (a) 92U (o) 92 (o) 92V (a/2) oV (o) oV (a/2)
ol TN <om ({21 cald oV oV ,
(o), (5), = ((52), (&), (&), (&),
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These inequalities yield
@ (a/2)+ @ (a/2)<C 6_21) (0¢/2)+E @ (a/2)
ox? /[, o3/, — *\\as?/, ot/, ’
92u (o) 92u (o) 920 (o) 92w (ae/2)
Z - Z - <C - a/2f 2~ 4.29
<ax%>z +<ax3>x 8 (<ax> - <ax%>t 2
() (e/2)
+e gv felta/? gv :
ot/, ot/,

Furthermore, by the same method as that for w! we have

82U (a,/2) < C/ 82‘/ (ov,0/2) N - 1 82‘/(:6 t/ B S)
023 =2\ |07 o1 the v | AV[2[s]ol2 | 9aF
v, v, 2V,
_8—39%(.’1,'1,ﬁ)—8—z%(1‘1,t+At _S)+8—1'%($17t+At))
62V (ov,0/2) 62V ()
<Ol |5 L
<cn(| 7] +<ax%>t, )

and hence (@0/2) (co/2) @
Pu] v 0%v\
— <O |7 o/2( — : 4.30
5 sesllm] eEm), ) (430
Analogously we obtain the estimate for [0%u/dx3](®/?).
By virtue of the expression (4.28) we get

oUu on 0*U o o0G
— -2 lyG, —— =21l Z
8352 8352 81‘28351 8352 8351

from which it follows

oU (@) N 92U (a/2) oG (a/2)
<—> §C24<G>1(§/)7 < > §C24<87> )

81‘2 t’ 83518352 t 1/ ¢
and hence
ou \ @ () 2u  \ (@2 dg \ @/
— < — < Cos( =— . 4.31
<6.%'2 >t B 25<g>t ’ <8m16x2>t B 25<61}1 >t ( )
Each term in the right hand side of (4.29)—(4.31) is estimated by virtue of (4.24)—
(4.26).

Similar arguments are applicable to other terms appearing in the norm ||ul|2tq-
And finally from the first equation in (4.4) we derive the uniform estimate e||0u/0t|| o
with respect to €.

Lemma 4.2. Let ¢¢ be a fixed positive number, and b and d are positive
constants. Assume that g1 € E'™*(Rr) and g2 € §2+Q(RT) with o € (0,1) and
0

T > 0. Then problem (4.4) with any € € (0, 0| has a unique solution

a ~2+4«
u€ 135“ (RZ 1), o€ E" " (Rr) (R2 ;7 =R2 x [0,T], Rpr =R x [0,7T])
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satisfying the inequality
Ju

“ll ot

=+ ||u —+ + || =
2+a Oll2+4a ¢

992
ot

a), (4.32)

< c%(mnm T lgzllzia

where Cag is a positive constant depending on £y, but not on €.

Now we shall solve problem (4.1) by the regularizer method.

In the following (6, r) corresponds to the above (x1,x3). For a suitably small
positive number A we introduce two coverings {w*} and {Q*} of Q as follows (cf.
[27,28]): Let k be in .#; if two dimensional squares w* and QF included completely
in Q are mapped by II; from those with common center (rg, ) and with the length
of their edges, in parallel directions of axes, equal to A/2 and A, respectively. For
k € My satisfying w* NT # @, w* and QF C Q are defined in the local coordinates
(21, z2) with an origin at (rx,6x) € T by

wk = HQ {|22| S )\/2, 0 S Z1 _FF(ZQ) S )\},
Qk - H2 {|22| S )\, 0 S zZ1 — FF(ZQ) S 2)\},

where equation z; = Fr(z2) represents I" around (ry, 0) € T and I1; is a transforma-
tion from (z1, 22) to (r,0) € QF. By {w*} and {QF}, k € .43, we denote the coverings
of T, in © and by II3 the transformation from z to (r,6) € QF.
Let the partitions of unity {n;} and {n;} subordinated to {w*} and {Q*} be
such as
N (r,0) = {

1 for (r,0) € w*,

0 for (T G)EQ\Qk Oﬁnk(ﬂe)gla nkecgo(ﬁ)a

Nk (Tv 9)

D’ i (r,0)| < Cor X7V pi(r,0) = =——2——.
Pram(r O] < CordH i) = 6, G gy

Obviously, {n}(r,0)} have properties

ne(r,0) =0 if (r,0) € Q\Qk, an(r, ny(r,0) = 1, ’Diyen}:(r, 9)‘ < O\ 7M1
k

First let T = yA2, where v € (0, 1) will be specified later. Then the regularizer
Z is defined by

RH — Z Z leuk+ Z nz@k7 H= (¢71/)*71/)171/’2)-

m=1,23keMm ket
Here u* = II;4*, where @* is a solution of problem
out I (Lg) b =T e in R% % (0,7)
ot ! - ! T (4.33)

u*l;—o=0 on R?

(Lot = Lalri, 0 0/0r,0/00)|1—0);
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k is a solution of problem

— I3u*, where

ou* _ _
W — H3 ! ($*7k)uk =1I

3¢ in R2 x (0,T)
w*l;—o=0 on R

i = {(2’1,22) S RQ | z21 > 0},

(4.34)
o . .
071 o 3 MY
uF = TlhuF, o = Iy0", where (u*, g*) is a solution of problem
ou” ;' (L) ub = 1150 in R2 T
W_ 9 ( *,k)u — 15 77k¢ m +X(O )
(@", 0")|i=0 = 0, (4.35)
do* du* -1 & & -1
908, ovT g N I
5 L - 2 MY1, U k0" |z1=0 2 M2
with
brez, = Ma(b2,01)(C)lo=0,t—0, di = d({))lo—a,.1—0, €z, = (1,0).
Then it is not difficult to see that ZH = (u/, o’) satisfies
6
(,;; —G—FZH in Q t>0,
3u
=, — JH on I, t>0,
ao o/’ o/’ (4.36)
— b —b —
o 27(0 or 1(() =11 —
u —d({)o :wgfﬁH on I', t >0,
(al’ §/)|t:0 =0.

Here the operator F = (S, Sa, T3, J4) is defined on

% — ga(QT) % €1+04(F*T) % €1+a(1—\ )X E2+a

(I'r)

by the formulae

FH =2 — Y > il Lt

Jj=1,2,3 ke

ouk
%H* Z 77k 3 "
ke M3
ou’ - ou’ our
TH = bz(C)a— +b01(¢)— 50 Z Nplaby— 921
ke
TiH = —d(C)o' + Y milladyg".

ke
One can find the solution of problem (4.1) in the form
(w0) =R I+T +T*+. .V H=R(5 —-T)! (.# is an identity operator),
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for which it is necessary to show that the operator 7 is a contraction on .7%. We
first note that T' € C2T* implies that Fr € C2t*(Bs) (Bs = {22 € R | || < 6})
and Fr(0) = 0, 0Fr/022(0) = 0, [|Fp[lg2+a(j,) < C with some constants § and C
being independent of zo. We take A small enough to satisfy A < §/2. Clearly,

|Fr ()] < Clzal™, ‘W—”
62’2

We estimate each term in A H, 9%H, 93H, J,H in such a way that for the lower
order terms the interpolation inequalities, for example,

< Clza|™. (4.37)

Sug |VU(£L‘)| < c(<u>(zo¢))(1+a)/2(<u>;2+0¢))(1—0t)/2’ <v2u>§a/2) < C)\a[VQU](a’a/2)
TE

for u € E?t2(Qp) are used, while for the highest order terms the smallness of their
0

coefficients like (4.37) derived from the smallness of A and v are used. Then we get
the following estimate after some lengthy, but straightforward calculations:

|7 Hlo = 1B H | oy + | FeH | grea ) + 1 TaH 5wy + | TH ] 2oy

SCQQ()\,V)( Z Z HukHE2+a(§f)+ Z ||Qk||§2+a(Ftk)) (438)

=123 ke, kel
for any t € (0,T%), where Q¥ = QF x (0,t),T} = T} N QF and
Ca9(A,7v) = Ca9,1(X)Ca9,2(77) + C29,3(X) + Cag.4(7)

is a positive constant with Cag ;(-) being dependent non-decreasingly on their argument
and Ca;(0) =0 (j = 1,2,3,4). By virtue of Lemma 4.2 and (4.7) we see that &
is the contraction operator on 7%, for suitably small A and . Hence problem (4.1)
is solvable on [0,7A?]. In the same way one can solve problem (4.1) on [yA%, 2y)\?].
Repeating the above argument finite times, we finally obtain the solution on [0, T
with arbitrary 7' > 0. Summing up the above leads to

Lemma 4.3. For any T > 0 and any €9 > 0 problem (4.1) with a fixed € €
— ~2+«
(0, 0] has a unique solution (u, ) € P.2"*(Qz) x %C ' (Tr) satisfying
0
ull 2o, + el gy < CollHllons (439)

where Csq Is a positive constant depending on &g, but not on €.

5. Nonlinear Problem: Proof of Theorem 2.2

In this section we construct the solution to problem (3.2) by the successive

approximation method.
Let (p%,¢r) (n=1,2,3,...) be a solution of problem (4.1) with

¢ = ‘I>E(P2717C;71)7 Yy = ‘I’*(C;A% = ‘I’l(P:zAvC;A)v Yo = W

: * * (Y ~2ta * *
for a given (p;,_;,(,—1) € 1352+ (Qr) x %1 (I'r), and (pg, ¢5) = (0,0).
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It is easily seen that there exists a constant M > 0 dependent on ¢y and 7', but
not on ¢ such that

H((I)E(O’0)7\11*(0)’\1/1(0’0)>\I}2)HWT <M. (5'1)

From the same argument as in (4.38) we derive the following inequality with the
help of (5.1):

(@ (Pr—1, Gom1)s W (Grm1), Wi (Phm15 Gimn), W2) Lo
< [[(@°(0,0), W4 (0), W1(0,0), Wa) | 4,
+ 1@ (r—15 Cm1) = ©°(0,0), Wu(Ci1) — W (0), Ua (15 Com1) — ¥1(0,0), 0) [
<M+ B(Hp:;—lHEZJra(@t) + HC:;—lHE‘ZJra(Ft))
+ Ot F(llpnillg2eagg,) + 161l gaiam)) (5:2)

for any ¢t € (0,7) and any § > 0, where Cjs is a positive constant depending on
B non-increasingly, x > 0 is a constant depending on « (possibly) and F(-) is a
polynomial in its argument. Thus, Lemma 4.3 yields

IPnllpz- g,y +1GH g2 saqr,) < O3 (M + BUIPL 1]l paracg,) + 16i-1llp2vary))
+ CotF (05 allpiogy + 16132 aqy) (5:3)

for any t € (0,7). Now we take first § = 1/(4C5p), and then

M 1/X
T =mindT,[—— .
mm{ ’(QCBF(QCBOM)) }

Therefore, from (5.3) it follows that
Hp:zHPE““(ét) + ||C’ZHE‘2+0¢(Q) < 2C30M
for any ¢t € (0,7”) if
1Pn—1ll pze g,y + 1Sn-1llgoraqry < 2C30M,
that is, for n =0,1,2,...
* ek Y 7al ~2ta
(pn7cn) € €E2+ (QT/) X % (FT/)7

1Pl p2e 3,y + ||<’:,HE‘2+Q(FT/) < 2C30M.

(5.4)

For the convergence of the sequence {(pf, (%)} we consider the difference (p —
pr 1, — (1), which satisfies (4.1) with

U=py—Pp_1, 0=GC—C 1, &= ‘PE(P:}—N C:L—1) - (PE(PZ—z)C;—Q),
Py = \I/*(C;;—l) - ‘I’*(C;;—Q)v P = \Ijl(p;kz—hg:—l) - ‘I’l(p;—% C;—2)7 g = 0.

Similarly as above, with the help of the interpolation inequalities we can obtain a
similar estimate as (5.2):

||(‘I’E(p:;—1v C:;—1) - ¢E(p:7,—27 C:;—2)7 ‘I’*(C;—ﬂ -, (C:;—2)7
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\Ill(p;—17C;—1) - ‘I’l(PZ—Qa CZ—2)>0)||%
< (B + Cot F'(Iph-1ll g2 raa,) + IPh—2llz2iw(a,)
Gt gz aqryy + 162l gea oy N IPh—1 = Pa—allp21e (3,
+ HC:;—l - C;—2|‘E2+a(pt))

for any t € (0,7”) and any 3’ > 0, where Cs is a positive constant depending on
B’ non-increasingly, x’ > 0 is a constant depending on « (possibly) and F'(-) is a
polynomial in its argument. Therefore, Lemma 4.3 and (5.4) yield

[F2 *pii_lllpgw@t) + 16, — C;_1||§2+a(m
< Cs0(B' + CartX F'(4C50M))(Ilpr—1 — Pr—2llperag,) + 1Gi—1 — CrollB2rar,y)

for any t € (0,7"). Again taking first 8’ = 1/(4C30), and then

, 1 1/X
To = min T
0 mm{ : (403005,171(40301\4)) }

we obtain
Hp:; _p:z—llle+“(§t) + HCZ - C:;—lllﬁwa(rt)
1 * * * *
< 2P — Phcsllpagy 16 Gl Torte (0.T). (55)

Consequently, the sequence {(p, ¢*)} converges to (p*, ¢*) uniformly in P.*"* (@TO) X
0

~ 2+«
Ey N (Tr,, ), which satisfies

15711y + 17 oy < 2C50M. (5.6)
The uniqueness of such a solution follows from the similar inequality as (5.5)
for two solutions to problem (3.2).
6. Passing to the limit €¢ — 0: Proof of Theorem 2.1

Theorem 2.2 means that for any ¢ € (0, ¢¢] there exists a smooth solution (p*, (¥)
of problem (3.2), and hence the following integral identity holds for any sufficiently
smooth test function ¢(r, 6, t) with o(r,6,T*) =0 (0 < T* < Tp):

—/Ep:g—f drdf — /Z*p;godrdet: /@%pé,@)gpdrd@dt. (6.1)
Q Qr Qr

Since the set of (pf, ¥) belongs to the compact subset

{2, ) | HP:HEHQ@TO) + ||<;||@2+Q(FTO) <2030M},
one can select a convergent subsequence of it such that

%, ) = (7,C7) as ey — 0 (6.2)
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in E>7*(Qr,) x E21%(Dp, ). Passing to the limit in (6.1) along the selected subsequence,
we establish that the function (p*,(*) is a solution of (3.2) with ¢ = 0.

If problem (3.2) with ¢ = 0 admits a unique solution on [0, 7] for some T €
(0, Tp], then the convergence result (6.2) holds for the full sequence, so that the proof
of Theorem 2.1 is completed.

Finally let us prove the uniqueness of solution (3.2) with ¢ = 0. Let (p*,{*)
and (p**, (**) be solutions of (3.2) with ¢ = 0 satisfying (5.6). Indeed, analogously
to the case € > 0, with the help of the interpolation inequalities and (5.6) we can
obtain

I(@0(p*,C*) — 0™, ™), Wa(C") — (™), W (97, C) — W (97, %), 0) e
< (8" + CortX" P (4C0 M) (Ip° — ™| g2 ey + 16" = € g 2001y

for any t € (0,Tp) and any " > 0, where Cpgr is a positive constant depending
on 8" non-increasingly, x” > 0 is a constant depending on « (possibly), F”(-) is a
polynomial in its argument and

KA = BE.(Qp) x B (D) x B0 < B2 ().

0 0 0 0
Repeating the same arguments as in section 4 with I'., N. and Z. replaced by
1

Fo(IL') = 7% 10g |SC|, No(xl, 332) = F(.Il, 332) -+ F(.Il, 71‘2)

and

1t
pie1  2mad + 2

Zo(@r,t) = (7.2)7 [%bdk‘l}

respectively, we have

Ip* =Pl gz e,y + 17 = g2tam,
< Cgp(B" + Cort* F'(AC30M))(Ip" = p™ [l pzeacg,) + 167 = ¢l 2 aqry)

for any t € (0,7p). Again taking first 5" = 1/(4C%;,), and then

1 1/X
TF = min< T,
0 mm{ - (4 ébcﬁ"F”(4CSOM)) }’

we conclude the uniqueness of a solution to problem (3.2) with € = 0 on [0, 7]
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