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Abstract. We discuss a single-phase radial viscous fingering problem in a Hele–Shaw
cell, which is a nonlinear problem with a free boundary for an elliptic equation. Unlike
the Stefan problem for heat equation Hele–Shaw problem is of hydrodynamic type. In
this paper a single-phase Hele–Shaw problem in a radial flow geometry admits a unique
classical solution by applying the same method as for Stefan problem and justifying the
vanishing the coefficient of the derivative with respect to time in a parabolic equation.
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1. Introduction

Viscous fingering occurs in the flow of two immiscible, viscous fluids between

the plates of a Hele–Shaw cell [1]. Due to pressure gradients or gravity, the initially

planar interface separating the two fluids undergoes a Saffman–Taylor instability

and develops finger-like structure. The Saffman–Taylor problem [2] is a widely

studied example of hydrodynamic pattern formation where interfacial instabilities

grow and evolve (see [3–5] and the literatures therein). Experiments and theory

focus on two basic flow geometries: (i) rectangular [2] and (ii) radial [6]. For both

geometries the initial developments of the interface instability were discussed through

the linear stability theory in [3]. However, the significant differences have been

reported between the dispersion relation derived from the linear analysis and that

obtained from the experiments if the surface tension effect is not negligible, which

call attention to the validity of Hele–Shaw approximation and the new formulation

with physically reasonable effects. Among them one is the wetting layer effect [7–10]

and another is viscous normal stress effect [11, 12].

For the radial fingering phenomena linear stability was discussed in [9] with the

former effect and in [12] with the latter effect. Weakly nonlinear analysis was done

first by Miranda and Widom [13] without any effect, and recently by Tani in [10]

with the wetting effect and in [14] with the viscous normal stress effect.

Most of mathematical results have been established by applying the complex

function theory (see [15] and the literatures therein). There are a few results from

the exact mathematical analysis: for example, [14, 16] for one-phase problem with

surface tension and [17, 18] for two-phase problem in the standard Hölder spaces;

[19] for one-phase problem and [20] for one-phase problem with surface tension in
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the little Hölder spaces; [21–23] for one-phase problem with surface tension in the

Sobolev spaces. There are some papers not only [19–22] discussing in the multi-

dimensional case, which are absurd from applied viewpoint because Hele–Shaw flows

are inherently two-dimensional.

Such a fingering pattern may be found even at a single fluid interface when an

incompressible fluid surrounded by air is located between the parallel plates of a

horizontal Hele–Shaw cell. We consider this problem in a radial flow geometry and

in the classical framework in this paper.

This paper is organized as follows. In section 2 we formulate the problem

discussed in this paper and describe the main theorems. In section 3 the problem

in section 2 is reformulated. In section 4 the linear problem of the reformulated one

is analyzed by following the arguments due to Bazalĭı [16, 17] and Bizhanova and

Solonnikov [24]. The most importance is to get a uniform estimate of the solution

with respect to a parameter as in [17, 25]. For that it necessitates to modify the

discussion used in the Stefan problem since the boundary conditions on the interface

for the Hele–Shaw problem cause further difficulty. In sections 5 and 6 the original

nonlinear problem and the passing to the limit of the parameter are discussed.

2. Formulation of the problem

We consider a slow quasi-stationary displacement of air by a fluid in the Hele–

Shaw cell. Fluid is assumed to be immiscible and incompressible. The motion is

quasi-two-dimensional and all characteristics of the flow are averaged over the cell

thickness. This approximation, so-called Hele–Shaw approximation, is traditional

for problems of this type.

The motion of such a fluid is described by

∇ · v = 0, v = −M∇p in �(t), t > 0. (2.1)

Here v is the velocity vector field and p is the pressure in the fluid; the second

equation in (2.1) means Darcy’s law (M = b2/(12µ) is mobility; µ is the fluid

viscosity; b is the width of two plates). In discussing the fingering problem it is

sufficient to consider (2.1) under the following geometrical situation:

�(t) =

{
x ∈ R

2 | R∗ < |x| < R(t) + ζ

(
x

|x| , t
)}

,

where R∗ is the radius of the hole through which the displacing fluid is injected at

a flow rate Q(t), R(t) is the time-dependent unperturbed radius satisfying

πR(t)2 = πR2
0 +

t∫

0

Q(τ) dτ, R0 ≡ R(0) > R∗

and ζ is the perturbed radius.

In addition, we impose the following boundary conditions:

v · n =
Q(t)

2πR∗
on �∗ = {x ∈ R

2 | |x| = R∗}, t > 0,

v · n = Vn, p = pe on � (t), t > 0,
(2.2)
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where

� (t) =

{
x ∈ R

2 | |x| = R(t) + ζ

(
x

|x| , t
)}

,

Vn is the normal velocity of the interface � (t), n is the unit outward normal vector

on �∗ or � (t) and pe is the pressure in the displaced air, and the initial conditions

are

v|t=0 = v0, p = p0 on �(0) ≡ �,

ζ|t=0 = ζ0 on � (0) ≡ � (ζ0 > R∗ −R0).
(2.3)

Our problem is to find (v, p) and ζ satisfying (2.1)–(2.3), which is reduced to

find p and ζ satisfying

�p = 0 in �(t), t > 0,

−M∇p · n =
Q(t)

2πR∗
on �∗, t > 0,

−M∇p · n = Vn, p = pe on � (t), t > 0,

p|t=0 = p0 on �, ζ|t=0 = ζ0 on � .

(2.4)

As the compatibility conditions p0 is assumed to satisfy

�p0 = 0 in �,

−M∇p0 · n =
Q(0)

2πR∗
on �∗,

p0 = p0
e ≡ pe|t=0 on � .

(2.5)

It is more convenient to rewrite (2.4) in polar coordinates (r, θ):

1

r

∂

∂r

(
r
∂p

∂r

)
+

1

r2
∂2p

∂θ2
= 0

(R∗ < r < R(t) + ζ(θ, t), 0 ≤ θ < 2π, t > 0),

M
∂p

∂r
= − Q(t)

2πR∗
(r = R∗, 0 ≤ θ < 2π, t > 0),

M

(
∂p

∂r
− 1

r2
∂ζ

∂θ

∂p

∂θ

)
= − ∂

∂t
(R(t) + ζ) ,

p = pe (r = R(t) + ζ(θ, t), 0 ≤ θ < 2π, t > 0),

p|t=0 = p0 (R∗ < r < R0 + ζ0(θ), 0 ≤ θ < 2π),

ζ|t=0 = ζ0 (0 ≤ θ < 2π).

(2.6)
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Besides problem (2.6) we consider the following problem:

1

r

∂

∂r

(
r
∂p

∂r

)
+

1

r2
∂2p

∂θ2
= ε

∂p

∂t
+ εf

(R∗ < r < R(t) + ζ(θ, t), 0 ≤ θ < 2π, t > 0),

M
∂p

∂r
= − Q(t)

2πR∗
(r = R∗, 0 ≤ θ < 2π, t > 0),

M

(
∂p

∂r
− 1

r2
∂ζ

∂θ

∂p

∂θ

)
= − ∂

∂t
(R(t) + ζ) ,

p = pe (r = R(t) + ζ(θ, t), 0 ≤ θ < 2π, t > 0),

p|t=0 = p0 (R∗ < r < R0 + ζ0(θ), 0 ≤ θ < 2π),

ζ
∣∣
t=0

= ζ0 (0 ≤ θ < 2π)

(2.7)

with ε > 0 and f being given later.

Now let us transform the free boundary problem (2.7) into the problem on a

fixed domain. Introduce the transformation from

�(t) = {R∗ < r < R(t) + ζ(θ, t), 0 ≤ θ < 2π}

onto

� = {R∗ < r′ < R0 + ζ0(θ′), 0 ≤ θ′ < 2π}
by the change of the independent variables

r′ =
R0 + ζ0 −R∗

R+ ζ −R∗
(r −R∗) +R∗, θ′ = θ, t′ = t,

and the unknown functions

p(r, θ, t) = p′(r′, θ′, t′), ζ(θ, t) = ζ′(θ′, t′).

By omitting all the primes for simplicity, problem (2.7) takes the form

ε
∂p

∂t
= L ε

ζ p− εf in �, t > 0,

∂p

∂r
= − Q(t)

2πR∗M

R+ ζ −R∗

R0 + ζ0 −R∗
on �∗ ≡ {r = R∗, θ ∈ [0, 2π]}, t > 0,

∂ζ

∂t
− b2(ζ)

∂p

∂r
− b1(ζ)

∂p

∂θ
= −Q(t)

2πR
,

p = pe on � ≡ {r = R0 + ζ0(θ), θ ∈ [0, 2π]}, t > 0,

p|t=0 = p0 on �,

ζ|t=0 = ζ0 on [0, 2π].

(2.8)

HereL ε
ζ ≡ L ε

ζ

(
r, θ;

∂

∂r
,
∂

∂θ

)
=

1
(
R∗ + R+ζ−R∗

R0+ζ0−R∗
(r −R∗)

)2

×
[
∂2

∂θ2
+ 2

(
1

R0 + ζ0 −R∗

dζ0

dθ
− 1

R+ ζ −R∗

∂ζ

∂θ

)
(r −R∗)

∂2

∂r∂θ
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+

((
R∗ +

R+ ζ −R∗

R0 + ζ0 −R∗
(r −R∗)

)2(
R0 + ζ0 −R∗

R + ζ −R∗

)2

+

(
1

R0 + ζ0 −R∗

dζ0

dθ
− 1

R+ ζ −R∗

∂ζ

∂θ

)2

(r −R∗)
2

)
∂2

∂r2

]

+

{
ε

r − R∗

R + ζ −R∗

∂

∂t
(R + ζ) +

1

R∗ + R+ζ−R∗

R0+ζ0−R∗
(r −R∗)

R0 + ζ0 −R∗

R+ ζ −R∗

+
r −R∗(

R∗ + R+ζ−R∗

R0+ζ0−R∗
(r −R∗)

)2
[
∂

∂θ

(
1

R0 + ζ0 −R∗

dζ0

dθ
− 1

R+ ζ −R∗

∂ζ

∂θ

)

+

(
1

R0 + ζ0 −R∗

dζ0

dθ
− 1

R+ ζ −R∗

∂ζ

∂θ

)2]}
∂

∂r
;

b2(ζ) = M

[
R0 + ζ0 −R∗

R+ ζ −R∗

(
1 +

1

(R0 + ζ0)2

(
∂ζ

∂θ

)2)
− 1

(R0 + ζ0)2
∂ζ

∂θ

dζ0

dθ

]
,

b1(ζ) = −M 1

(R0 + ζ0)2
∂ζ

∂θ
.

Now we choose

f =
r −R∗

R0 + ζ0 −R∗

∂p0

∂r

∂

∂t
(R+ ζ)

∣∣∣∣
t=0

on �.

Before describing the main results, we introduce function spaces. For a domain

� in Rn (n ∈ N) and any T > 0 let Cl(�) and C
l,l/2
x,t (QT ) (QT ≡ � × [0, T ]) with

l = k + α, k ∈ Z, k ≥ 0, α ∈ (0, 1) be the standard Hölder spaces constructed with

the use of the following semi-norms:

|u|(α) = |u|(0) + 〈u〉(α), |u|(0) = sup
(x,t)∈QT

|u(x, t)|, 〈u〉(α) = 〈u〉(α)
x + 〈u〉(α/2)t ,

〈u〉(α)
x ≡ sup

x,y∈�, t∈[0,T ]

|u(x, t) − u(y, t)|
|x− y|α , 〈u〉(α)

t ≡ sup
x∈�, t,t′∈[0,T ]

|u(x, t) − u(x, t′)|
|t− t′|α

(see [26]). We also use the semi-norm

[u](α,β) ≡ sup
x,y∈�t,t′∈[0,T ]

|u(x, t) − u(y, t) − u(x, t′) + u(y, t′)|
|x− y|α|t− t′|β , α, β ∈ (0, 1),

and define the Banach spaces Ek+α(QT ) (k = 0, 1, 2) that are obtained as the

completion of infinitely differential functions in respective norms

‖u‖α = ‖u‖Eα(QT ) ≡ Eα,α/2[u] = sup
(x,t)∈QT

|u(x, t)| + 〈u〉(α) + [u](α,α/2),

Dα,α[u] = sup
(x,t)∈QT

|u(x, t)| + 〈u〉(α)
x + 〈u〉(α)

t + [u](α,α),

‖u‖k+α = ‖u‖Ek+α(QT ) = Eα,α/2
[
Dk

xu
]
+

k−1∑

j=0

Dα,α
[
Dj

xu
]
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(
Dk

x =
∑

|j|=k

∂jx (j is a multi-index), k = 1, 2
)
,

and the space P 2+α
ε (QT ) with the norm ‖u‖P 2+α

ε (QT ) = ‖ε∂tu‖α + ‖u‖2+α. We also

introduce the spaces

Ê2+α(QT ) = {u | u ∈ E2+α(QT ), ∂tu ∈ E1+α(QT )},

‖u‖
Ê2+α(QT )

= ‖u‖2+α + ‖∂tu‖1+α,

Ě2+α(QT ) =
{
u | u ∈ E2+α(QT ), ∂tu ∈ Eα(QT )

}
,

‖u‖Ě2+α(QT ) = ‖u‖2+α + ‖∂tu‖α,

E2+α
∗ (QT ) =

{
u | ‖u‖E2+α

∗ (QT ) ≡
2∑

k=0

Eα,α/2
[
Dk

xu
]
<∞

}
,

Ê2+α
∗ (QT ) =

{
u | ‖u‖

Ê2+α
∗ (QT )

≡
2∑

k=0

Eα,α/2
[
Dk

xu
]
+

1∑

k=0

Eα,α/2[Dk
x∂tu] <∞

}
,

Ě2+α
∗ (QT ) =

{
u | ‖u‖Ě2+α

∗ (QT ) ≡
2∑

k=0

Eα,α/2
[
Dk

xu
]
+ Eα,α/2[∂tu] <∞

}
.

Denote by E
0

k+α(QT ), Pε
0

2+α(QT ), etc. the spaces of the corresponding spaces whose

elements are equal to zero at t = 0 together with their admissible derivatives with

respect to t.

For a smooth manifold � in Rn Cl(� ), C
l,l/2
x,t (�T ), etc. are defined with the

help of partition of unity and of local maps.

The following is our main result.

Theorem 2.1. Let T > 0 and α ∈ (0, 1). Assume that (p0, ζ0) ∈ C3+α(�) ×
C4+α([0, 2π]) satisfy the compatibility conditions, ∂p0/∂r < 0 on � , pe ∈
C

3+α,(3+α)/2
θ,t (�T ) and Q ∈ Cα([0, T ]). Then there exists T ∗

0 > 0 depending on

the data of the problem such that problem (2.8) with ε = 0 has a unique solution

(p, ζ) ∈ E2+α(QT∗
0
) × Ê2+α(�T∗

0
).

Theorem 2.1 is proved in several steps. First we consider problem (2.8) with

ε > 0 in the classes of smooth functions, and then show that this solution converges

as ε → 0. For that it is necessary to use the function classes where the uniform

estimate in ε holds.

Theorem 2.2. Let ε0 > 0 and the corresponding assumptions in Theorem 2.1

hold. Then there exists T0 > 0 depending on the data of the problem and ε0
such that problem (2.8) with a fixed ε ∈ (0, ε0] has a unique solution (pε, ζε) ∈
P 2+α
ε (QT0

) × Ê2+α(�T0
).
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3. Reformulation of the problem

Let ζ̄ ∈ C
4+α,2+α/2
θ,t ([0, 2π] × [0, T ]) be an extension of ζ0 such that

(
ζ̄ ,
∂ζ̄

∂t
,
∂2ζ̄

∂t2

)∣∣∣∣
t=0

=

(
ζ0,

∂ζ

∂t
,
∂2ζ

∂t2

)∣∣∣∣
t=0

,

where (∂ζ/∂t, ∂2ζ/∂t2)|t=0 are obtained from the third equation in (2.8) and its

derivative in t at t = 0.

We seek a solution of problem (2.8) in the form

p = p∗ + p0 +
r −R∗

R+ ζ̄ −R∗

∂p0

∂r
ζ∗, ζ = ζ∗ + ζ̄ . (3.1)

Then (2.8) becomes

ε
∂p∗

∂t
= L∗p

∗ + �ε in �, t > 0,

∂p∗

∂r
= �∗ on �∗, t > 0,

∂ζ∗

∂t
− b2(ζ̄)

∂p∗

∂r
− b1(ζ̄)

∂p∗

∂θ
= �1, p∗ − d(ζ̄)ζ∗ = �2 on � , t > 0,

p∗|t=0 = 0 on �, ζ∗
∣∣
t=0

= 0 on [0, 2π].

(3.2)

HereL∗ ≡ L∗

(
r, θ;

∂

∂r
,
∂

∂θ

)
=

1
(
R∗ + R+ζ̄−R∗

R0+ζ0−R∗
(r −R∗)

)2
[
∂2

∂θ2

+ 2

(
1

R0 + ζ0 −R∗

dζ0

dθ
− 1

R+ ζ̄ −R∗

∂ζ̄

∂θ

)
(r −R∗)

∂2

∂r∂θ

+

((
R∗ +

R+ ζ̄ −R∗

R0 + ζ0 −R∗
(r −R∗)

)2(
R0 + ζ0 −R∗

R+ ζ̄ −R∗

)2

+

(
1

R0 + ζ0 −R∗

dζ0

dθ
− 1

R+ ζ̄ −R∗

∂ζ̄

∂θ

)2

(r −R∗)
2

)
∂2

∂r2

]
;

�ε = �ε(p∗, ζ∗) = L ε
ζ p−L∗p

∗ − ε (r −R∗)
∂p0

∂r

∂

∂t

(
ζ∗

R+ ζ̄ −R∗

)
− εf ;

�∗ = �∗(ζ
∗) = − ∂

∂r

(
p0 +

r −R∗

R+ ζ̄ −R∗

∂p0

∂r

)
ζ∗ − R+ ζ −R∗

R0 + ζ0 −R∗

Q(t)

2πR∗M
,

�1 = �1(p
∗, ζ∗) = b2(ζ)

∂p

∂r
+ b1(ζ)

∂p

∂θ
− b2(ζ̄)

∂p∗

∂r
− b1(ζ̄)

∂p∗

∂θ
− ∂ζ̄

∂t
− Q

2πR
,

�2 = pe − p0;

d(ζ̄) = −R0 + ζ0 −R∗

R+ ζ̄ −R∗

∂p0

∂r

with (p, ζ) substituted by (3.1). Note that the assumption ∂p0/∂r < 0 on � implies

d(ζ̄) > 0.
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4. Linear Problem

In this section we consider the following linear problem:

ε
∂u

∂t
−L∗u = φ in �, t > 0,

∂u

∂r
= ψ∗ on �∗, t > 0,

∂̺

∂t
− b2(ζ̄)

∂u

∂r
− b1(ζ̄)

∂u

∂θ
= ψ1, u− d(ζ̄)̺ = ψ2 on � , t > 0,

u|t=0 = 0 on �, ̺|t=0 = 0 on [0, 2π]

(4.1)

for given φ, ψ∗, ψ1, ψ2 under the conditions b2 > 0, d > 0.

First we study three model problems in the whole- and half-spaces:

ε
∂u

∂t
−L u = f ((x1, x2) ∈ R

2, t > 0), u|t=0 = 0; (4.2)

ε
∂u

∂t
−L u = f

(
(x1, x2) ∈ R

2
+ ≡ {(x1, x2) ∈ R

2 | x2 > 0}, t > 0
)
,

∂u

∂x2

∣∣∣∣
x2=0

= 0, u|t=0 = 0;
(4.3)

ε
∂u

∂t
−L u = 0

(
(x1, x2) ∈ R

2
+, t > 0

)
,

∂̺

∂t
− b

∂u

∂x2

∣∣∣∣
x2=0

= g1, u− d̺|x2=0 = g2,

(u, ̺)|t=0 = 0.

(4.4)

In the above L =

2∑

j,k=1

ajk
∂2

∂xj∂xk

is the second order partial differential operator with positive real coefficients ajk
which constitute positive definite symmetric matrix, and b and d are positive

constants.

For problems (4.2)–(4.4) we can assume without loss of generality ajk = δjk by

changing the independent variables (cf. [26]). Then the solutions to problems (4.2)

and (4.3) for L = � are given by

u(x, t) =

t∫

0

dτ

∫

R2

�ε(x − y, t− τ)f(y, τ) dy, (4.5)

and

u(x, t) =

t∫

0

dτ

∫

R2

Nε(x − y, t− τ)f(y, τ) dy, (4.6)

respectively, where

�ε(x, t) = εn/2−1(4πt)−n/2 exp

[
−ε|x|

2

4t

]
, x = (x′, xn),
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Nε(x, t) = �ε(x
′, xn, t) + �ε(x

′,−xn, t), n = 2.

Applying the same arguments as in the estimation of the volume potential for the

heat equation to the integrals in (4.5) and (4.6), we have uniform estimates with

respect to ε for the solutions of the problems (4.2) and (4.3) (see, [17, 26])

ε

∥∥∥∥
∂u

∂t

∥∥∥∥
α

+ ‖u‖2+α ≤ C1‖f‖α. (4.7)

For problem (4.4) by making use of the Fourier–Laplace transformationFL [u](ξ, x2, s) ≡ ũ(ξ, x2, s) =

∞∫

0

e−st dt

∞∫

−∞

e−i ξx1u(x1, x2, t) dx1

as in [16, 17, 24], the parabolic equation is reduced to an ordinary differential equation

in x2, so that we get

ũ(ξ, x2, s) = ṽ(ξ, s) e−rεx2 (x2 > 0), rε = rε(s, ξ) =
√
εs+ ξ2, Re rε > 0. (4.8)

From the boundary conditions in (4.4) it follows that

brεṽ + s ˜̺ = g̃1, ṽ − d ˜̺ = g̃2.

Solving these, we obtain

˜̺ =
1

s+ dbrε
(g̃1 − brεg̃2), ṽ = d ˜̺+ g̃2. (4.9)

The solution of problem (4.4) is given through the inverse Fourier–Laplace

transformation

v(x1, t) ≡ (FL )−1[ṽ] =
1

2πi

∫

R

eix1ξ dξ

∫

Res=a>0

estṽ(ξ, s) ds

as follows.

̺(x1, t) = (FL )−1

[
1

s+ dbrε

]
∗ (g1 − b(FL )−1[rεg̃2]),

v(x1, t) = d̺+ g2,

(4.10)

where ∗ means a convolution with respect to x1 and t.

By following the arguments in [16], let us derive the explicit representation of

Zε(x1, t) ≡ (FL )−1

[
1

s+ dbrε(s, ξ)

]
, t > 0. (4.11)

For simplicity let db = 1. Since

(s+
√
εs+ ξ2)−1 =

∞∫

0

exp[−τ(s+
√
εs+ ξ2)] dτ,
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1

2πi

a+i∞∫

a−i∞

exp[−τ(s+
√
εs+ ξ2) + st] ds

=
1

2πi

a+i∞∫

a−i∞

exp[−τs+ st] ds ∗
t

1

2πi

a+i∞∫

a−i∞

exp[−τ
√
εs+ ξ2 + st] ds

= δ(t− τ) ∗
t

√
ε

2
√
π
τt−3/2 exp

[
−ξ

2t

ε
− ετ2

4t

]
(a > 0),

where ∗
t

means a convolution with respect to t, so that

Z̃ε(ξ, t) =

∞∫

0

δ(t− τ) ∗
t

√
ε

2
√
π
τt−3/2 exp

[
−ξ

2t

ε
− ετ2

4t

]
dτ

=

√
ε

2
√
π

t∫

0

τ(t− τ)−3/2 exp

[
−ξ

2

ε
(t− τ) − ετ2

4(t− τ)

]
dτ

=
1

2
√
π

t/ε∫

0

t− εz

z3/2
exp

[
−ξ2z − (t− εz)2

4z

]
dz.

Therefore, we have

Zε(x1, t) =
1

2π

∞∫

0

Z̃ε(ξ, t) cos(ξx1) dξ

=
1

4π

t/ε∫

0

t− εz

z2
exp

[
−x

2
1

4z
− (t− εz)2

4z

]
dz. (4.12)

From (4.12) it easily follows

Lemma 4.1. Inequalities

|Zε(x1, t)| ≤ C2t
1 +

√
εt

x2
1 + t2

,

∣∣∣∣
∂

∂t
Zε(x1, t)

∣∣∣∣+
∣∣∣∣
∂

∂x1
Zε(x1, t)

∣∣∣∣ ≤ C2
1 +

√
εt

x2
1 + t2

,

∣∣∣∣
∂2

∂t∂x1
Zε(x1, t)

∣∣∣∣+
∣∣∣∣
∂2

∂x2
1

Zε(x1, t)

∣∣∣∣ ≤ C2
1 + εt

(x2
1 + t2)3/2

(4.13)

hold with a constant C2 independent of ε.

Lemma 4.1 implies

lim
t→0

∞∫

−∞

Zε(x1 − ξ, t)f(ξ) dξ = f(x1) (4.14)
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for any bounded continuous function f(x1).

Introduce the notation

w(x1, t) = (Zε ∗ g) (x1, t) =

t∫

0

dτ

∞∫

−∞

Zε(x1 − y, t− τ)g(y, τ) dy,

wh(x1, t) =

t−h∫

0

dτ

∞∫

−∞

Zε(x1 − y, t− τ)g(y, τ) dy (h > 0).

For wh it is clear to hold

∂

∂t
wh(x1, t) =

t−h∫

0

dτ

∞∫

−∞

∂

∂t
Zε(x1 − y, t− τ)(g(y, τ) − g(x1, τ)) dy

+

t−h∫

0

g(x1, τ) dτ

∞∫

−∞

∂

∂t
Zε(x1 − y, t− τ) dy +

∞∫

−∞

Zε(x1 − y, h)g(y, t− h) dy.

Making use of (4.14) and the formula

∂

∂t
Z̃ε(ξ, t) = − 1√

π

t/ε∫

0

ε(t− εz)

z1/2(t+ εz)2
exp

[
−ξ2z − (t− εz)2

4z

]
dz

− 1√
π

t/ε∫

0

ξ2(t− εz)

z1/2(t+ εz)
exp

[
−ξ2z − (t− εz)2

4z

]
dz (4.15)

together with the estimates in Lemma 4.1, we have after passing to the limit h→ 0

∂

∂t
w(x1, t) =

t∫

0

dτ

∞∫

−∞

∂

∂t
Zε(x1 − y, t− τ)(g(y, τ) − g(x1, τ)) dy

+

t∫

0

g(x1, τ) dτ

∞∫

−∞

∂

∂t
Zε(x1 − y, t− τ) dy + g(x1, t). (4.16)

Analogously we have

∂2

∂x2
1

w(x1, t) =

t∫

0

dτ

∞∫

−∞

∂

∂x1
Zε(x1−y, t−τ)

(
∂

∂y
g(y, τ) − ∂

∂x1
g(x1, τ)

)
dy. (4.17)

We begin by estimating the first term denoted by w† in the right hand side of

(4.16). Following the arguments in [26], we get

w†(x1, t) − w†(x′1, t)

=

t∫

0

dτ

∫

|x1−y|≤2|x1−x′
1
|

∂

∂t
Zε(x1 − y, t− τ)(g(y, τ) − g(x1, τ)) dy
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−
t∫

0

dτ

∫

|x1−y|≤2|x1−x′
1
|

∂

∂t
Zε(x

′
1 − y, t− τ)(g(y, τ) − g(x′1, τ)) dy

+

t∫

0

dτ

∫

|x1−y|≥2|x1−x′
1
|

(
∂

∂t
Zε(x1 − y, t− τ) − ∂

∂t
Zε(x

′
1 − y, t− τ)

)

× (g(y, τ) − g(x1, τ)) dy

+

t∫

0

(g(x′1, τ) − g(x1, τ)) dτ

∫

|x1−y|≥2|x1−x′
1
|

∂

∂t
Zε(x

′
1 − y, t− τ) dy ≡

4∑

j=1

Ij . (4.18)

Applying Lemma 4.1 to I1, we have

|I1| ≤ C′′
3 〈g〉(α)

x

∫

|x1−y|≤2|x1−x′
1
|

|x1 − y|α dy

t∫

0

1 +
√
ε(t− τ)

|x1 − y|2 + (t− τ)2
dτ

≤ C′
3(1 +

√
εt)〈g〉(α)

x

∫

|x1−y|≤2|x1−x′
1
|

|x1 − y|α−1 dτ

≤ C3(ε0, T )〈g〉(α)
x |x1 − x′1|α.

I2 is estimated by just the same way as I1. For I3 we do in the same way with the

help of the mean value theorem. Finally for I4 we get

|I4| ≤ C′
4〈g〉(α)

x |x1 − x′1|α
t∫

0

dτ

∣∣∣∣
∫

|x1−y|≥2|x1−x′
1
|

∂

∂t
Zε(x

′
1 − y, τ) dy

∣∣∣∣

≤ C4(ε0, T )〈g〉(α)
x |x1 − x′1|α

due to (4.15) and Lemma 4.1. Second term in the right hand side of (4.16) is

estimated similarly. Hence we obtain
〈
∂w

∂t

〉(α)

x

≤ C5(ε0, T )〈g〉(α)
x . (4.19)

Next the difference with respect to t of w† is expressed for t′ ≤ t:

w†(x1, t) − w†(x1, t
′) =

t∫

2t′−t

dτ

∞∫

−∞

∂

∂t
Zε(x1 − y, t− τ)(g(y, τ) − g(x1, τ)) dy

−
t′∫

2t′−t

dτ

∞∫

−∞

∂

∂t′
Zε(x1 − y, t′ − τ)(g(y, τ) − g(x1, τ)) dy

+

2t′−t∫

−∞

dτ

∞∫

−∞

(
∂

∂t
Zε(x1 − y, t− τ) − ∂

∂t′
Zε(x1 − y, t′ − τ)

)
(g(y, τ) − g(x1, τ)) dy

≡
3∑

j=1

I ′j .
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Lemma 4.1 yields

|I ′1| ≤ C′′
6 〈g〉(α)

x

t∫

2t′−t

dτ

∞∫

−∞|

|x1 − y|α(1 +
√
ε(t− τ))

(x1 − y)2 + (t− τ)2
dy

≤ C′
6〈g〉(α)

x

t∫

2t′−t

1 +
√
ε(t− τ)

(t− τ)1−α
dτ ≤ C6(ε0, T )〈g〉(α)

x |t− t′|α.

I ′2 is estimated by just the same way as I ′1. For I ′3 we do in the same way with the

help of the mean value theorem and the estimate of ∂2Zε(x1, t)/∂t
2:

∣∣∣∣
∂2

∂t2
Zε(x1, t)

∣∣∣∣ ≤ C7
ε

t2
exp

[
−εx

2
1

4t

]
+ C′

7

t/ε∫

0

z−5/2 exp

[
−x

2
1

4z
− (t− εz)2

4z

]
dz.

After some lengthy calculations we get

〈w†〉(α)
t ≤ C8(ε0, T )〈g〉(α)

x .

Second term in the right hand side of (4.16) is estimated similarly. Hence we obtain

〈
∂w

∂t

〉(α)

t

≤ C9(ε0, T )
(
〈g〉(α)

x + 〈g〉(α)
t

)
. (4.20)

From (4.16) we can derive

∂2

∂t∂x1
w(x1, t) =

t∫

0

dτ

∞∫

−∞

∂

∂t
Zε(x1 − y, t− τ)

(
∂

∂y
g(y, τ) − ∂

∂x1
g(x1, τ)

)
dy

+

t∫

0

∂

∂x1
g(x1, τ) dτ

∞∫

−∞

∂

∂t
Zε(x1 − y, t− τ) dy +

∂

∂x1
g(x1, t).

Then, repeating the above arguments, we obtain the estimates

〈
∂2w

∂t∂x1

〉(α)

x

≤ C10(ε0, T )

〈
∂g

∂x1

〉(α)

x

,

〈
∂2w

∂t∂x1

〉(α/2)

t

≤ C10(ε0, T )‖g‖1+α. (4.21)

We come to the estimate [∂w/∂t](α,α). Since w† can be written as

w†(x1, t) =

∞∫

−∞

dτ

∞∫

−∞

∂

∂t
Zε(x1 − y, τ) (g(y, t− τ) − g(x1, t− τ)) dy,

w†(x1, t) − w†(x1, t−�t)

(�t)α
≡W †(x1, t)

=

∞∫

−∞

dτ

∞∫

−∞

∂

∂t
Zε(x1 − y, τ) (ϕ(y, t− τ) − ϕ(x1, t− τ)) dy
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=

t∫

0

dτ

∞∫

−∞

∂

∂t
Zε(x1 − y, t− τ) (ϕ(y, τ) − ϕ(x1, τ)) dy

for �t > 0, where

ϕ(x1, t) =
g(x1, t) − g(x1, t−�t)

(�t)α
.

Again the above argument implies

〈W †〉(α)
x ≤ C11(ε0, T )〈ϕ〉(α)

x = C11(ε0, T ) sup
x1,x′

1
,t

|ϕ(x1, t) − ϕ(x′1, t)|
|x1 − x′1|α

= C11(ε0, T ) sup
x1,x′

1
,t

|g(x1, t) − g(x′1, t) − g(x1, t−�t) + g(x′1, t−�t)|
|x1 − x′1|α(�t)α

,

and hence

[w†](α,α) ≤ C11(ε0, T )[g](α,α).

Second term in the right hand side of (4.16) is estimated similarly. Thus we obtain

[
∂w

∂t

](α,α)

≤ C11(ε0, T )[g](α,α). (4.22)

Similarly we have

[
∂2w

∂t∂x1

](α,α/2)
≤ C12(ε0, T )

[
∂g

∂x1

](α,α/2)
. (4.23)

Now it is necessary to get the representation of (FL )−1[rεg̃2]:

(FL )−1[rεg̃2] = 2
∂2

∂x2
2

t∫

0

dτ

∞∫

−∞

�ε(x1 − y, x2, t− τ)g2(y, τ) dy

∣∣∣∣
x2=0

= 2
∂2

∂x2
2

t′∫

0

dτ

∞∫

−∞

�1(x1 − y, x2, t
′ − τ)G2(y, τ) dy

∣∣∣∣
x2=0

,

where t′ = t/ε, G2(x1, t
′) = g2(x1, t), �1 = �ε|ε=1 (see [25]). From this we have

〈(FL )−1[rεg̃2]〉(α,α/2) ≤ C13〈G2〉(1+α,(1+α)/2)

= C13(〈g2〉(1+α)
x + ε(1+α)/2〈g2〉((1+α)/2)

t ).

Equation (4.9) and estimates (4.19)–(4.23) lead to
∥∥∥∥
∂̺

∂t

∥∥∥∥
1+α

≤ C14(ε0, T ) (‖g1‖1+α + ‖g2‖2+α) . (4.24)

The same arguments can be applied to (4.17) with the help of Lemma 4.1, so

that similar estimates to (4.19), (4.20) and (4.22) hold for ∂2w/∂x2
1:

∥∥∥∥
∂2w

∂x2
1

∥∥∥∥
α

≤ C15(ε0, T )

∥∥∥∥
∂g

∂x1

∥∥∥∥
α

;
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moreover, we have 〈
∂2w

∂x2
1

〉(α)

t

≤ C16(ε0, T )

〈
∂g

∂x1

〉(α)

x

.

Lower order derivatives of w are easily estimated. Therefore, from (4.9) we deduce

‖̺‖2+α ≤ C17(ε0, T ) (‖g1‖1+α + ‖g2‖2+α) ,
〈
∂2̺

∂x2
1

〉(α)

t

≤ C18(ε0, T )

(〈
∂g1
∂x1

〉(α)

x

+

〈
∂g2
∂x1

〉(1+α,(1+α)/2))
.

(4.25)

Estimates (4.24) and (4.25) easily give the estimate for v(x1, t) in (4.10):
∥∥∥∥
∂v

∂t

∥∥∥∥
α

+ ‖v‖2+α ≤ C19

(
‖g1‖1+α + ‖g2‖2+α +

∥∥∥∥
∂g2
∂t

∥∥∥∥
α

)
. (4.26)

For u(x, t) we prepare two representations:

u(x, t) = −2

t∫

0

dτ

∞∫

−∞

∂

∂x2
�ε(x1 − y, x2, t− τ)v(y, τ) dy, (4.27)

u(x, t) = −2

t∫

0

dτ

∞∫

−∞

�ε(x1 − y, x2, t− τ)g(y, τ) dy, g =
1

b

(
−g1 +

∂̺

∂t

)
(4.28)

since ṽ is represented as

ṽ = g̃2 + d ˜̺ =
1

brε
(−g̃1 + s ˜̺).

Here we use (4.27) for the estimates of ∂2u/∂x2
1, ∂

2u/∂x2
2, ∂u/∂x1, and (4.28) for

the estimates of ∂2u/∂x1∂x2, ∂u/∂x2.

Introduce the notation with t′ = t/ε

u(x, εt′) = U(x, t′), v(x1, εt
′) = V (x1, t

′), g(x1, εt
′) = G(x1, t

′).

Then, (4.27) and (4.28) are represented as

U(x, t′) = −2
∂�1
∂x2

∗ V and U(x, t′) = −2�1 ∗G,

respectively. We can find the following estimates (see [26]):

〈
∂�1
∂x2

∗ V
〉(α/2)

t′
≤ C20〈V 〉(α/2)t′ ,

〈
∂�1
∂x2

∗ V
〉(α)

x

≤ C20

(
〈V 〉(α)

x + 〈V 〉(α/2)t′

)
.

Simultaneously we have

〈
∂2U

∂x2
1

〉(α/2)

t′
+

〈
∂2U

∂x2
2

〉(α/2)

t′
≤ C21

(〈
∂2V

∂x2
1

〉(α/2)

t′
+

〈
∂V

∂t′

〉(α/2)

t′

)
,

〈
∂2U

∂x2
1

〉(α)

x

+

〈
∂2U

∂x2
2

〉(α)

x

≤ C21

(〈
∂2V

∂x2
1

〉(α)

x

+

〈
∂2V

∂x2
1

〉(α/2)

t′
+

〈
∂V

∂t′

〉(α)

x

+

〈
∂V

∂t′

〉(α/2)

t′

)
.
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These inequalities yield

〈
∂2u

∂x2
1

〉(α/2)

t

+

〈
∂2u

∂x2
2

〉(α/2)

t

≤ C21

(〈
∂2v

∂x2
1

〉(α/2)

t

+ε

〈
∂v

∂t

〉(α/2)

t

)
,

〈
∂2u

∂x2
1

〉(α)

x

+

〈
∂2u

∂x2
2

〉(α)

x

≤ C21

(〈
∂2v

∂x2
1

〉(α)

x

+εα/2
〈
∂2v

∂x2
1

〉(α/2)

t

+ ε

〈
∂v

∂t

〉(α)

x

+ε1+α/2

〈
∂v

∂t

〉(α/2)

t

)
.

(4.29)

Furthermore, by the same method as that for w† we have

[
∂2U

∂x2
1

](α,α/2)
≤ C′

22

([
∂2V

∂x2
1

](α,α/2)
+ sup

x1,t′,s,�t′

1

|�t′|α/2|s|α/2
∣∣∣∣
∂2V

∂x2
1

(x1, t
′ − s)

− ∂2V

∂x2
1

(x1, t
′) − ∂2V

∂x2
1

(x1, t
′ +�t′ − s) +

∂2V

∂x2
1

(x1, t
′ +�t′)

∣∣∣∣
)

≤ C22

([
∂2V

∂x2
1

](α,α/2)
+

〈
∂2V

∂x2
1

〉(α)

t′

)
,

and hence [
∂2u

∂x2
1

](α,α/2)
≤ C23

([
∂2v

∂x2
1

](α,α/2)
+ εα/2

〈
∂2v

∂x2
1

〉(α)

t

)
. (4.30)

Analogously we obtain the estimate for [∂2u/∂x2
2]

(α,α/2).

By virtue of the expression (4.28) we get

∂U

∂x2
= −2

∂�1
∂x2

∗G, ∂2U

∂x2∂x1
= −2

∂�1
∂x2

∗ ∂G

∂x1
,

from which it follows
〈
∂U

∂x2

〉(α)

t′
≤ C24〈G〉(α)

t′ ,

〈
∂2U

∂x1∂x2

〉(α/2)

t′
≤ C24

〈
∂G

∂x1

〉(α/2)

t′
,

and hence
〈
∂u

∂x2

〉(α)

t

≤ C25〈g〉(α)
t ,

〈
∂2u

∂x1∂x2

〉(α/2)

t

≤ C25

〈
∂g

∂x1

〉(α/2)

t

. (4.31)

Each term in the right hand side of (4.29)–(4.31) is estimated by virtue of (4.24)–

(4.26).

Similar arguments are applicable to other terms appearing in the norm ‖u‖2+α.

And finally from the first equation in (4.4) we derive the uniform estimate ε‖∂u/∂t‖α
with respect to ε.

Lemma 4.2. Let ε0 be a fixed positive number, and b and d are positive

constants. Assume that g1 ∈ E
0

1+α(RT ) and g2 ∈ Ě
0

2+α
(RT ) with α ∈ (0, 1) and

T > 0. Then problem (4.4) with any ε ∈ (0, ε0] has a unique solution

u ∈ Pε
0

2+α(R2
+,T ), ̺ ∈ Ê

0

2+α
(RT )

(
R

2
+,T ≡ R

2
+ × [0, T ], RT ≡ R × [0, T ]

)
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satisfying the inequality

ε

∥∥∥∥
∂u

∂t

∥∥∥∥
α

+ ‖u‖2+α + ‖̺‖2+α +

∥∥∥∥
∂̺

∂t

∥∥∥∥
1+α

≤ C26

(
‖g1‖1+α + ‖g2‖2+α

∥∥∥∥
∂g2
∂t

∥∥∥∥
α

)
, (4.32)

where C26 is a positive constant depending on ε0, but not on ε.

Now we shall solve problem (4.1) by the regularizer method.

In the following (θ, r) corresponds to the above (x1, x2). For a suitably small

positive number λ we introduce two coverings {ωk} and {�k} of � as follows (cf.

[27, 28]): Let k be in M1 if two dimensional squares ωk and �k included completely

in � are mapped by �1 from those with common center (rk, θk) and with the length

of their edges, in parallel directions of axes, equal to λ/2 and λ, respectively. For

k ∈M2 satisfying ωk ∩ � 6= ∅, ωk and �k ⊂ � are defined in the local coordinates

(z1, z2) with an origin at (rk, θk) ∈ � by

ωk = �2 {|z2| ≤ λ/2, 0 ≤ z1 − F� (z2) ≤ λ} ,

�k = �2 {|z2| ≤ λ, 0 ≤ z1 − F� (z2) ≤ 2λ} ,
where equation z1 = F� (z2) represents � around (rk, θk) ∈ � and �2 is a transforma-

tion from (z1, z2) to (r, θ) ∈ �k. By {ωk} and {�k}, k ∈M3, we denote the coverings

of �∗ in � and by �3 the transformation from z to (r, θ) ∈ �k.

Let the partitions of unity {ηk} and {η∗k} subordinated to {ωk} and {�k} be

such as

ηk(r, θ) =

{
1 for (r, θ) ∈ ωk,

0 for (r, θ) ∈ �̄ \ �k,
0 ≤ ηk(r, θ) ≤ 1, ηk ∈ C∞

0 (�),

∣∣Dj
r,θηk(r, θ)

∣∣ ≤ C27λ
−|j|, η∗k(r, θ) ≡ ηk(r, θ)∑

k(ηk(r, θ))
2
.

Obviously, {η∗k(r, θ)} have properties

η∗k(r, θ) = 0 if (r, θ) ∈ � \ �k,
∑

k

ηk(r, θ)η
∗
k(r, θ) = 1,

∣∣Dj
r,θη

∗
k(r, θ)

∣∣ ≤ C28λ
−|j|.

First let T∗ = γλ2, where γ ∈ (0, 1) will be specified later. Then the regularizerR is defined byRH =
∑

m=1,2,3

∑

k∈Mm

η∗ku
k +

∑

k∈M2

η∗k̺
k, H = (φ, ψ∗, ψ1, ψ2).

Here uk = �1ū
k, where ūk is a solution of problem

∂ūk

∂t
−�−1

1 (L∗,k) ū
k = �−1

1 ηkφ in R
2 × (0, T ),

ūk|t=0 = 0 on R
2

(4.33)

(L∗,k ≡ L∗(rk, θk; ∂/∂r, ∂/∂θ)|t=0);
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uk = �3ū
k, where ūk is a solution of problem

∂ūk

∂t
−�−1

3 (L∗,k) ū
k = �−1

3 ηkφ in R
2
+ × (0, T ),

ūk|t=0 = 0 on R
2
+ ≡ {(z1, z2) ∈ R

2 | z1 > 0},
∂ūk

∂z1

∣∣∣∣
z1=0

= �−1
3 ηkψ∗;

(4.34)

uk = �2ū
k, ̺k = �2 ¯̺k, where (ūk, ¯̺k) is a solution of problem

∂ūk

∂t
−�−1

2 (L∗,k) ū
k = �−1

2 ηkφ in R
2
+ × (0, T ),

(ūk, ¯̺k)|t=0 = 0,

∂ ¯̺k

∂t
− bk

∂ūk

∂z1

∣∣∣∣
z1=0

= �−1
2 ηkψ1, ūk − dk ¯̺k|z1=0 = �−1

2 ηkψ2

(4.35)

with

bkez1
= �2(b2, b1)(ζ̄)|θ=θk,t=0, dk = d(ζ̄))|θ=θk,t=0, ez1

= (1, 0).

Then it is not difficult to see that RH = (u′, ̺′) satisfies

ε
∂u′

∂t
−L∗u

′ = φ−T1H in �, t > 0,

∂u′

∂r
= ψ∗ − T2H on �∗, t > 0,

∂̺′

∂t
− b2(ζ̄)

∂u′

∂r
− b1(ζ̄)

∂u′

∂θ
= ψ1 −T3H,

u′ − d(ζ̄)̺′ = ψ2 −T4H on � , t > 0,

(ū′, ¯̺′)|t=0 = 0.

(4.36)

Here the operator T = (T1,T2,T3,T4) is defined onHT = E
0

α(QT ) × E
0

1+α(�∗T ) × E
0

1+α(�T ) × Ě
0

2+α
(�T )

by the formulae T1H = L∗u
′ −

∑

j=1,2,3

∑

k∈Mj

η∗k�jL∗,kū
k,T2H =

∂u′

∂r
−
∑

k∈M3

η∗k�3
∂ūk

∂z1
,T3H = b2(ζ̄)

∂u′

∂r
+ b1(ζ̄)

∂u′

∂θ
−
∑

k∈M2

η∗k�2bk
∂ūk

∂z1T4H = −d(ζ̄)̺′ +
∑

k∈M2

η∗k�2dk ¯̺k.

One can find the solution of problem (4.1) in the form

(u, ̺) = R(I +T +T 2 + . . . )H = R(I −T )−1H (I is an identity operator),
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for which it is necessary to show that the operator T is a contraction on HT . We

first note that � ∈ C2+α implies that F� ∈ C2+α(B̄δ) (Bδ ≡ {z2 ∈ R | |z2| < δ})
and F� (0) = 0, ∂F� /∂z2(0) = 0, ‖F� ‖C2+α(B̄δ)

≤ C with some constants δ and C

being independent of z2. We take λ small enough to satisfy λ ≤ δ/2. Clearly,

|F� (z2)| ≤ C|z2|1+α,

∣∣∣∣
∂F� (z2)

∂z2

∣∣∣∣ ≤ C|z2|α. (4.37)

We estimate each term in T1H, T2H, T3H, T4H in such a way that for the lower

order terms the interpolation inequalities, for example,

sup
x∈�

|∇u(x)| ≤ c
(
〈u〉(α)

x

)(1+α)/2(〈u〉(2+α)
x

)(1−α)/2
, 〈∇2u〉(α/2)t ≤ cλα[∇2u](α,α/2)

for u ∈ E
0

2+α(QT ) are used, while for the highest order terms the smallness of their

coefficients like (4.37) derived from the smallness of λ and γ are used. Then we get

the following estimate after some lengthy, but straightforward calculations:

‖T H‖Ht
≡ ‖T1H‖Eα(Qt)

+ ‖T2H‖E1+α(�∗t) + ‖T3H‖E1+α(�t) + ‖T4H‖Ě2+α(�t)

≤ C29(λ, γ)
( ∑

j=1,2,3

∑

k∈Mj

‖uk‖
E2+α(Q

k

t )
+
∑

k∈M2

‖̺k‖
Ê2+α(�k

t )

)
(4.38)

for any t ∈ (0, T∗), where Qk
t = �k × (0, t), � k

t = �t ∩Qk
t and

C29(λ, γ) = C29,1(λ)C29,2(γ) + C29,3(λ) + C29,4(γ)

is a positive constant with C29,j(·) being dependent non-decreasingly on their argument

and C29,j(0) = 0 (j = 1, 2, 3, 4). By virtue of Lemma 4.2 and (4.7) we see that T
is the contraction operator on HT∗ for suitably small λ and γ. Hence problem (4.1)

is solvable on [0, γλ2]. In the same way one can solve problem (4.1) on [γλ2, 2γλ2].

Repeating the above argument finite times, we finally obtain the solution on [0, T ]

with arbitrary T > 0. Summing up the above leads to

Lemma 4.3. For any T > 0 and any ε0 > 0 problem (4.1) with a fixed ε ∈
(0, ε0] has a unique solution (u, ̺) ∈ Pε

0

2+α(QT ) × Ê
0

2+α
(�T ) satisfying

‖u‖P 2+α
ε (QT ) + ‖̺‖

Ê2+α(�T )
≤ C30‖H‖HT

, (4.39)

where C30 is a positive constant depending on ε0, but not on ε.

5. Nonlinear Problem: Proof of Theorem 2.2

In this section we construct the solution to problem (3.2) by the successive

approximation method.

Let (p∗n, ζ
∗
n) (n = 1, 2, 3, . . . ) be a solution of problem (4.1) with

φ = �ε(p∗n−1, ζ
∗
n−1), ψ∗ = �∗(ζ

∗
n−1), ψ1 = �1(p

∗
n−1, ζ

∗
n−1), ψ2 = �2

for a given (p∗n−1, ζ
∗
n−1) ∈ Pε

0

2+α(QT ) × Ê
0

2+α
(�T ), and (p∗0, ζ

∗
0 ) = (0, 0).
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It is easily seen that there exists a constant M > 0 dependent on ε0 and T , but

not on ε such that

‖(�ε(0, 0), �∗(0), �1(0, 0), �2)‖HT
≤M. (5.1)

From the same argument as in (4.38) we derive the following inequality with the

help of (5.1):

‖(�ε(p∗n−1, ζ
∗
n−1), �∗(ζ

∗
n−1), �1(p

∗
n−1, ζ

∗
n−1), �2)‖Ht

≤ ‖(�ε(0, 0), �∗(0), �1(0, 0), �2)‖Ht

+ ‖(�ε(p∗n−1, ζ
∗
n−1) − �ε(0, 0), �∗(ζ

∗
n−1) − �∗(0), �1(p

∗
n−1, ζ

∗
n−1) − �1(0, 0), 0)‖Ht

≤M + β(‖p∗n−1‖E2+α(Qt)
+ ‖ζ∗n−1‖Ê2+α(�t)

)

+ Cβt
χF (‖p∗n−1‖E2+α(Qt)

+ ‖ζ∗n−1‖Ê2+α(�t)
) (5.2)

for any t ∈ (0, T ) and any β > 0, where Cβ is a positive constant depending on

β non-increasingly, χ > 0 is a constant depending on α (possibly) and F (·) is a

polynomial in its argument. Thus, Lemma 4.3 yields

‖p∗n‖P 2+α
ε (Qt)

+ ‖ζ∗n‖Ê2+α(�t)
≤ C30(M + β(‖p∗n−1‖E2+α(Qt)

+ ‖ζ∗n−1‖Ê2+α(�t)
)

+ Cβt
χF (‖p∗n−1‖E2+α(Qt)

+ ‖ζ∗n−1‖Ê2+α(�t)
)) (5.3)

for any t ∈ (0, T ). Now we take first β = 1/(4C30), and then

T ′ = min

{
T,

(
M

2CβF (2C30M)

)1/χ}
.

Therefore, from (5.3) it follows that

‖p∗n‖P 2+α
ε (Qt)

+ ‖ζ∗n‖Ê2+α(�t)
≤ 2C30M

for any t ∈ (0, T ′) if

‖p∗n−1‖P 2+α
ε (QT ) + ‖ζ∗n−1‖Ê2+α(�T )

≤ 2C30M,

that is, for n = 0, 1, 2, . . .

(p∗n, ζ
∗
n) ∈ Pε

0

2+α(QT ′) × Ê
0

2+α
(�T ′),

‖p∗n‖P 2+α
ε (QT ′)

+ ‖ζ∗n‖Ê2+α(�T ′ )
≤ 2C30M.

(5.4)

For the convergence of the sequence {(p∗n, ζ∗n)} we consider the difference (p∗n −
p∗n−1, ζ

∗
n − ζ∗n−1), which satisfies (4.1) with

u = p∗n − p∗n−1, ̺ = ζ∗n − ζ∗n−1, φ = �ε(p∗n−1, ζ
∗
n−1) − �ε(p∗n−2, ζ

∗
n−2),

ψ∗ = �∗(ζ
∗
n−1) − �∗(ζ

∗
n−2), ψ1 = �1(p

∗
n−1, ζ

∗
n−1) − �1(p

∗
n−2, ζ

∗
n−2), ψ2 = 0.

Similarly as above, with the help of the interpolation inequalities we can obtain a

similar estimate as (5.2):

‖(�ε(p∗n−1, ζ
∗
n−1) − �ε(p∗n−2, ζ

∗
n−2), �∗(ζ

∗
n−1) − �∗(ζ

∗
n−2),
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�1(p
∗
n−1, ζ

∗
n−1) − �1(p

∗
n−2, ζ

∗
n−2), 0)‖Ht

≤ (β′ + Cβ′tχ
′

F ′(‖p∗n−1‖E2+α(Qt)
+ ‖p∗n−2‖E2+α(Qt)

+ ‖ζ∗n−1‖Ê2+α(�t)
+ ‖ζ∗n−2‖Ê2+α(�t)

))(‖p∗n−1 − p∗n−2‖E2+α(Qt)

+ ‖ζ∗n−1 − ζ∗n−2‖Ê2+α(�t)
)

for any t ∈ (0, T ′) and any β′ > 0, where Cβ′ is a positive constant depending on

β′ non-increasingly, χ′ > 0 is a constant depending on α (possibly) and F ′(·) is a

polynomial in its argument. Therefore, Lemma 4.3 and (5.4) yield

‖p∗n − p∗n−1‖P 2+α
ε (Qt)

+ ‖ζ∗n − ζ∗n−1‖Ê2+α(�t)

≤ C30(β
′ + Cβ′tχ

′

F ′(4C30M))(‖p∗n−1 − p∗n−2‖E2+α(Qt)
+ ‖ζ∗n−1 − ζ∗n−2‖Ê2+α(�t)

)

for any t ∈ (0, T ′). Again taking first β′ = 1/(4C30), and then

T0 = min

{
T ′,

(
1

4C30Cβ′F ′(4C30M)

)1/χ′}
,

we obtain

‖p∗n − p∗n−1‖P 2+α
ε (Qt)

+ ‖ζ∗n − ζ∗n−1‖Ê2+α(�t)

≤ 1

2
(‖p∗n−1 − p∗n−2‖E2+α(Qt)

+ ‖ζ∗n−1 − ζ∗n−2‖Ê2+α(�t)
) for t ∈ (0, T0). (5.5)

Consequently, the sequence {(p∗n, ζ∗n)} converges to (p∗, ζ∗) uniformly in Pε
0

2+α(QT0
)×

Ê0
2+α

(�T0
), which satisfies

‖p∗‖P 2+α
ε (QT0

) + ‖ζ∗‖
Ê2+α(�T0

)
≤ 2C30M. (5.6)

The uniqueness of such a solution follows from the similar inequality as (5.5)

for two solutions to problem (3.2).

6. Passing to the limit ε → 0: Proof of Theorem 2.1

Theorem 2.2 means that for any ε ∈ (0, ε0] there exists a smooth solution (p∗ε, ζ
∗
ε )

of problem (3.2), and hence the following integral identity holds for any sufficiently

smooth test function ϕ(r, θ, t) with ϕ(r, θ, T ∗) = 0 (0 < T ∗ ≤ T0):

−
∫

�

εp∗ε
∂ϕ

∂t
drdθ −

∫

QT

L∗p
∗
εϕdrdθdt =

∫

QT

�ε(p∗ε, ζ
∗
ε )ϕdrdθdt. (6.1)

Since the set of (p∗ε, ζ
∗
ε ) belongs to the compact subset

{(p∗ε, ζ∗ε ) | ‖p∗ε‖E2+α(QT0
) + ‖ζ∗ε ‖Ê2+α(�T0

)
≤ 2C30M},

one can select a convergent subsequence of it such that

(p∗εk , ζ
∗
εk

) → (p∗, ζ∗) as εk → 0 (6.2)
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inE2+α(QT0
)×Ê2+α(�T0

). Passing to the limit in (6.1) along the selected subsequence,

we establish that the function (p∗, ζ∗) is a solution of (3.2) with ε = 0.

If problem (3.2) with ε = 0 admits a unique solution on [0, T ∗
0 ] for some T ∗

0 ∈
(0, T0], then the convergence result (6.2) holds for the full sequence, so that the proof

of Theorem 2.1 is completed.

Finally let us prove the uniqueness of solution (3.2) with ε = 0. Let (p∗, ζ∗)

and (p∗∗, ζ∗∗) be solutions of (3.2) with ε = 0 satisfying (5.6). Indeed, analogously

to the case ε > 0, with the help of the interpolation inequalities and (5.6) we can

obtain

‖(�0(p∗, ζ∗) − �0(p∗∗, ζ∗∗), �∗(ζ
∗) − �∗(ζ

∗∗), �1(p
∗, ζ∗) − �1(p

∗∗, ζ∗∗), 0)‖H ∗
t

≤ (β′′ + Cβ′′tχ
′′

F ′′(4C30M))(‖p∗ − p∗∗‖E2+α
∗ (Qt)

+ ‖ζ∗ − ζ∗∗‖
Ê∗

2+α
(�t)

)

for any t ∈ (0, T0) and any β′′ > 0, where Cβ′′ is a positive constant depending

on β′′ non-increasingly, χ′′ > 0 is a constant depending on α (possibly), F ′′(·) is a

polynomial in its argument andH ∗
T = E∗

0

α(QT ) × E∗
0

1+α(�∗T ) × E∗
0

1+α(�T ) × Ě∗
0

2+α
(�T ).

Repeating the same arguments as in section 4 with �ε, Nε and Zε replaced by

�0(x) = − 1

2π
log |x|, N0(x1, x2) = � (x1, x2) + � (x1,−x2)

and

Z0(x1, t) = (FL )−1

[
1

s+ bd|ξ|

]∣∣∣∣
bd=1

=
1

2π

t

x2
1 + t2

,

respectively, we have

‖p∗ − p∗∗‖E2+α
∗ (Qt)

+ ‖ζ∗ − ζ∗∗‖
Ê2+α

∗ (�t)

≤ C′′
30(β

′′ + Cβ′′tχ
′′

F ′′(4C30M))(‖p∗ − p∗∗‖E2+α
∗ (Qt)

+ ‖ζ∗ − ζ∗∗‖
Ê2+α(�t)

)

for any t ∈ (0, T0). Again taking first β′′ = 1/(4C′′
30), and then

T ∗
0 = min

{
T0,

(
1

4C′′
30Cβ′′F ′′(4C30M)

)1/χ′′}
,

we conclude the uniqueness of a solution to problem (3.2) with ε = 0 on [0, T ∗
0 ].
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