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Abstract: We introduce and study the structured pseudospectrum and the essential
pseudospectrum of closed linear operator pencils on ultrametric Banach spaces. We
establish a characterization of the structured pseudospectrum of closed linear opera-
tor pencils and relationship between the structured pseudospectrum and the structured
pseudospectrum of closed linear operator pencils on ultrametric Banach spaces. Many
characterizations of structured essential pseudospectra of operators, such as the struc-
tured essential pseudospectrum of closed linear operator pencils, is invariant under per-
turbation of completely continuous linear operators on ultrametric Banach spaces over
Qp. Finally, we give some illustrative examples.
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1. Introduction and Preliminaries

In the classical functional analysis, Trefethen [1] studied and developed the
pseudospectrum of matrices and bounded linear operators. Davies [2] introduced
and studied the structured pseudospectrum of a closed linear operator S on complex
Banach space & over C and he gave a characterization of the structured pseudo-
spectrum of S. For more details, see [2].

In ultrametric operator theory, the pseudospectra of linear operators were ex-
tended and studied by the authors in [3] and they characterized the pseudospectrum
of linear operators and the essential pseudospectrum of closed linear operators. In
[4], Ammar et al. introduced and studied the condition pseudospectrum of bounded
linear operators on ultrametric Banach spaces. They established a relationship be-
tween the condition pseudospectrum and the pseudospectrum and they proved some
properties of the essential condition pseudospectrum. Recently, El Amrani et al. [5]
studied the pseudospectrum of ultrametric matrices, the condition pseudospectrum
of ultrametric matrices and the pseudospectrum of ultrametric matrix pencils. They
showed some results about them and they gave some illustrative examples. Fur-
thermore, the trace pseudospectrum of ultrametric matrix pencils, the determinant
pseudospectrum of ultrametric matrix pencils and the condition pseudospectrum of
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ultrametric operator pencils were studied by several authors. For more details, we
refer to [5-8].

The eigenvalue problem is one of interesting problems in ultrametric operator
theory. It played an important role in many parts of ultrametric applied mathematics
and physics including matrix theory, ultrametric pseudo-differential equations, cont-
rol theory and ultrametric quantum mechanics. For more details, see [3,4,9,10].
This work is motivated by many studies of ultrametric spectral theory and pertur-
bation theory of linear operators. For more details, we refer to [5-8,11,12].

Throughout this paper, K is a complete ultrametric field with a non-trivial
valuation |- |, & is an ultrametric Banach space over K, #(&’) denotes the collection
of all bounded linear operators on &, € (&) is the set of all closed, densely defined
linear operators on &, &* = #(&,K) is the dual space of & and Q,, is the field of
p-adic numbers. For more details, we refer to [13,14]. For S € €(&), D(S), N(S),
R(S), p(S), o(S) and 0.(S) are the domain, the kernel, the range, the resolvent set,
the spectrum and the essential spectrum of S respectively. Recall that an unbounded
linear operator S : D(S) C & — & is said to be closed, densely defined if S is closed
and D(S) is dense in &. For more details on closed, densely defined linear operators,
see [11,15]. We begin with the following preliminaries.

DEFINITION 1 [13]. A field K is said to be wltrametric if it is endowed with an
absolute value |- | : K — R™" such that

(i) |o| = 0 if, and only if, a = 0;
(ii) For all o, € K, |ap| = ||| pal;
(iii) For each o, p € K, o + p| < max{|a], |p|}-
From now, we assume that K = (K, | - |) is a complete ultrametric valued field.
DEFINITION 2 [13]. An ultrametric field K is said to be spherically complete if

each decreasing sequence of closed balls (B,,),, has nonempty intersection.

DEFINITION 3 [13]. Let & be a vector space over K. A function || -] : & = R,
is called an ultrametric norm if:
(i) For all u € &, ||u|| = 0 if and only if v = 0;
(ii) For all u € & and A € K, || Au|| = |A|]|ull;
(ili) For any w,v € &, ||u + v|| < max(|jul], |v]])-

DEFINITION 4 [13]. An ultrametric Banach space is a complete ultrametric
normed space.

Ingleton [14] proved the following theorem.

Theorem 1 [14]. Assume that K is spherically complete. Let & be an ultra-
metric Banach space over K. For all u € &\{0}, there is u* € &* such that u*(u) =1
and [Ju*|| = [|ul|~*.

DEFINITION 5 [13]. Let w = (w;); be a sequence of K\{0}. We define &, by

&y ={u=(w);:VieN, u; e K and lim |w;|?|u;| = 0}.
11— 00
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On &, we define

Yu € &, tu = (w)i, |ull = sup(|wi]? [ui]).
€N

Then (&, - ||) is an ultrametric Banach space.

REMARK 1 [13]. The orthogonal basis {e;, i € N} is called the canonical basis

of &, where e; = (0;;)jen and d;; is the Kronecker symbol. For each i € N,
1

lleill = fei] 2.

DEFINITION 6 [13]. Let S € €(&), S is called an upper semi-Fredholm operator
if a(S) = dim N(S) is finite and R(S) is closed.

The collection of each upper semi-Fredholm operators on & is denoted by @ (&).

DEFINITION 7 [13]. Let S € ¥(&), S is said to be a lower semi-Fredholm
operator if B(S) = dim(&/R(S)) is finite.

The collection of each lower semi-Fredholm operators on & is denoted by ®_(&).

The collection of each closed Fredholm operators on & is
D(E) =P (E)ND_(8).

For more details on closed Fredholm operators, see [13].

DEFINITION 8 [14]. Let S € #A(&), S is said to be an operator of finite rank if
dim R(S) is finite.

The set of all finite rank operators on & will be denoted by %, (&).

DEFINITION 9 [13]. Let & be an ultrametric Banach space and let S € #(¢&),
S is called completely continuous if, there is a sequence of finite rank linear operators
(Sn)nen such that ||S, — S|| — 0 as n — oo.

¢.(&) is the set of all completely continuous linear operators on &.

REMARK 2 [13]. (i) We have #(&) C €(&).
(ii) Let A € B(&) and S : D(S) C & — & be an unbounded linear operator.
Then S + A is closed if and only if S is closed.

As the classical setting, we have the following lemma.

Lemma 1 [15]. Suppose that K = Q,. Let S € ®(&) and C € %,(&), then
S+ C € ®(&) and ind(S + C) = ind(S).

Similarly to the proof of Theorem 3.1 of [4], we conclude the following theorem.

Theorem 2. Suppose that K = Q,,. Let S € €(&). Then

oe(S)= ) o(S+K).
Ke%.(&)

As the classical setting, we have
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Proposition 1 [2]. Let & be an ultrametric Banach space over K. If S,B €
PB(&), then —1 & o(SB) if, and only if, —1 & o(BS).
From Definition 2.1 of [16], we get.
DEFINITION 10. Let S € (&) and B € #(&), the resolvent set p(S, B) of the
operator pencil (S, B) of the form S — AB is defined by
p(S,B) = {\A€K:Rx\(S,B) = (S—AB)"' € #(&)}.
R\ (S, B) is called the resolvent of the operator pencil (S, B). The spectrum o (S, B)
of the operator pencil (S, B) of the form S — AB is defined by o(S, B) = K\p(S, B).
From Definition 2.3 of [16], we have the following:
DEFINITION 11. Let S € ¥(&),B € #(&) and € > 0. The pseudospectrum
0e(S, B) of the operator pencil (S, B) is defined by
0.(8,B) = o(S,BYU{N e K:|(S—=AB)"!| >}
The pseudoresolvent p. (S, B) of (S, B) is defined by
pe(S,B) = p(S,B)N{A € K: [|(S = AB)7!|| < e7'},
by convention ||(S — AB)~!|| = oo if, and only if, A € o(S, B).
As the proof of Theorem 2.14 of [8], the essential spectrum of closed linear

operator pencils on ultrametric Banach spaces over a spherically complete field K is
characterized by the following:

Theorem 3. Let & be an ultrametric Banach space over Qy, let S € €(&) and
B € #(&). Then
0e(8,B) = () o(S+K,B).
Ke€.(&)

2. Main results

We introduce the following definition.

DEFINITION 12. Let & be an ultrametric Banach space over K. Let S € €(&),
B,C,M € B(&) and € > 0. The structured pseudospectrum oc.(S, M, B,C) of the
closed linear operator pencil (S, M) is defined by

0-(S,M,B,C) = o(S,M)U{N € K: |B(S — AM)"'C| > 1/¢}.
The structured pseudoresolvent p. (S, M, B,C) of (S, M) is given by
p(S,MYN{NeK: ||B(S—AM)"'C| < 1/¢}.
By convention ||B(S — AM)~1C|| = o if and only if A € o(S, M).
By Definition 12, we deduce the following remark.

REMARK 3. If C = B = I, hence o.(S,M,I,I) = 0.(S,M) is the pseudo-
spectrum of the pencil (S, M).
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Theorem 4. Let & be an ultrametric Banach space over K, let S € €(&),
B,C,M € B(&) and € > 0. Then
(i) For all e1,¢e2 such that e1 < €9, 0, (S, M, B,C) C 0.,(S, M, B,C).
(i) o(S,M) = () 0<(S,M, B,C).

e>0
Proor. (i) If A € o, (S, M, B,C), hence |[B(S—AM)~'C|| > ¢! > 5 '. Then
A€o0, (S, M,B,C).
(ii) Since for each € > 0, o(S, M) C 0.(S, M, B, C), then

(S, M) C () 0=(S, M, B, C).
e>0

Conversely, if A € (] 0-(5, M, B,C), hence for each ¢ > 0, A\ € 0.(S, M, B,C). If
e>0
A o(S,M), hence A\ € {\ € K:||B(S—AM)"C| > e 1}. For ¢ — 0", we obtain
that | B(S — AM)~1C|| = oo. Consequently, A € o(S, M). O
Theorem 5. Let & be an ultrametric Banach space over a spherically complete
field K such that ||&|| C K|, let S € € (&) and B,C, M € B(&) with 0 € p(B)Np(C)
and € > 0. Hence

0-(S,M,B,C) = U o(S +CDB,M).
De%(&):||Dll<e

Proor. Firstly, we prove that
U o(S+CDB,M) C 0.(S,M,B,C).
De(&):||D|<e

Let
xe |J  o(S+CDBM).

De%(8):||Dl||<e
If D =0, hence

o(S,M)Co.(S,M,B,C).
If D # 0. We argue by contradiction, if A\ € p(S,M) and ||B(S — AM)~1C| <
e~!. Then for each D € #(&) : |D|| < e, hence |[DB(S — AM)~'C|| < 1. Thus,
DB(S—AM)~1C+1 is invertible. From Proposition 1, for each D € B(&) : ||D|| < e,
—1¢ o(DB(S — AM)~1C) if and only if —1 € o(CDB(S — AM)~!). Thus

S+ CDB— MM = (I + CDB(S — AM)™1)(S — AM).
Hence (S + CDB — AM)~! € (&) which is a contradiction. Then

U o(S+CDB,M) C 0.(S,M,B,C).
De&(&):|IDl|<e
For the converse inclusion, if A ¢ (S, M), then ||B(S — AM)~1C|| > ¢~!. Hence
|B(S—AM)~1Cz| _ 1
sup > -

ze&\{0} (B e
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Consequently, there is x € &\{0} with

| B(S — AM)~*Cx]| > @ (1)
Set y = B(S — AM)~!Cx, then C~*(S — AM)B~'y = x. From (1), we have

ICTHAM = S)B™y|| < ]yl (2)

Since [|€]| C |K|, there is ¢ € K\{0} such that ||y|| = |c|, set z = ¢~'y, thus

|2 = 1. By (2),
[(CT*AM — S)B™1)z|| < e. (3)

From Theorem 1, there is ¢ € &* such that ¢(2) = 1 and ||p|| = ||z[| 7! = 1. Set for
each x € &, Dz = ¢(z)(C~1(AM — S)B~1)z. Then for all x € &,

1Dzl = @€ (S = AM)B™ )zl < [llll=[l[(C7(S = AM)B™H)z|| < ell]l.

Hence D € #(&) and ||D|| < e. Moreover for z # 0, Dz + (C71(S —AM)B~1)z = 0.
Set v = B~z # 0. One can see that for v # 0, (CDB + S — AM)v = 0. Thus

xe |J  o(S+CDBM).
DeA(&):||D]|<e

Consequently,

0-(S,M,B,C) = U o(S+CDB,M). O
De®(&):||Dl|<e

Theorem 6. Suppose that K is spherically complete and ||&|| C |K|. Let S €
%(&) and B,C,M € (&) such that 0 € p(B) N p(C) and € > 0. Then

0-(S,M,B,C) = a(S,M)U{NeK: Tz c &, |z| =1, |C(S — AM)B™z| < &}.
PROOF. If A € 0.(S, M, B,C)\o(S, M), then ||[B(S — AM)~'C|| > e~*. Hence
IB(S — AM)~'Cz|| 1
sup > -

ze&\{0} [l e

Thus there exists © € &\{0} with
|B(S — AM)~*Cxz| > @ (4)
Set y = B(S — AM)~'Cz # 0, then C~1(S — AM)B~'y = z. By (4),
IC7H(S = AM)B™y|| < elly]|- ()

Since |&]| € |K|, there is ¢ € K\{0} with |ly|| = |¢|, put 2z = ¢!y, hence
llz|| = 1. By (5), we have

[C7H(S —AM)B™ 2| < e. (6)
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Let A € K such that there exists z € & : ||z|| = 1 and

[C7H(S — AM)B™z| < e. (7)
From Theorem 1, there exists ¢ € &* with ¢(z) =1 and ||¢|| = ||z||~! = 1. Set for
any y € &, Dy = ¢o(y)(C~Y(AM — S)B~1)z. Hence for any y € &,

1Dyl = le@)IIICTHS = AM)B™H)z|l < [lelllyllI(C7(S = AM)B™H)z]| <elly].
Thus D € %#(&) and | D|| < e. Moreover for z £ 0, Dz + (C~*(S — AM)B~1)z = 0.
Set v = B~z # 0. One can see that for v # 0, (CDB + S — AM)v = 0. Thus
xe |J  o(S+CDBM).

DeB(&):||D||<e

By Theorem 5, A € 0.(S,M,B,C). O

The structured essential pseudospectrum of closed linear operator pencils is
introduced as follows.

DEFINITION 13. Let & be an ultrametric Banach space over K, let S € € (&),
B,C,M € #B(&) and € > 0. The structured essential pseudospectrum of the closed
linear operator pencil (S, M) of the form S — AB is defined as follows:

Oee(S,M,B,C) =K\{\ € K: S+CDB-\M € ®¢(&) for all D € B(&), ||D| < €},
where ®y(&) is the collection of all unbounded Fredholm operators on & of index 0.
We obtain the following results.

Theorem 7. Let & be an ultrametric Banach space over K. Let S € € (&) and
B,C,M € #(&) and € > 0, hence

0ec(S,M,B,C) = U 0e(S+ CDB, M).
DeB(£):||D|<e

PrROOF. If A & 0.(S, M, B,C), thus for each D € B(&) : |D|| < ¢,
S+ CDB —\M € ®(&) and ind(S + CDB — AM) = 0.
Hence A € 0.(S + CDB, M) for each D € B(&) : || D|| < ¢, then
A ¢ U 0.(S+CDB, M).
DeB(&):||D||<e
Consequently,
U 0e(S+ CDB,M) C 0..(S,M,B,C).
De#(&):|IDl|<e
Conversely, if
g U o5+ CDB M),
DeB(€):||D|<e
hence for each D € B(&) : |D|| < e, A € 0.(S + CDB,M). Thus S + CDB —
AM € ®(&) and ind(S + CDB — AM) = 0 for all D € (&) with |D| < ¢, then
AN oe(S,M,B,C). O
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Theorem 8. Suppose that K = Q. Let S € ¢(&) and B,C,M € #(&) and
€ > 0. Then,

Oee(S,M,B,C) = 0..(S+ K,M, B,C) for each K € €.(&). (8)

PRrROOF. If A & 0. (S, M, B,C), hence for each D € #A(&) with | D|| < ¢,
S+ CDB — AM € ®(&) and ind(S + CDB — A\M) = 0.
From Lemma 1, for all K € %.(&) and D € (&) such that | D|| < e, we obtain
S+ CDB+ K —AM € ®(&) and ind(S + CDB + K —AM)=0. (9
By (9), we get
ANgoe(S+K,MB,C).
Then
Oee(S+K,M,B,C) Co..(5M,B,C).

The opposite inclusion follows from symmetry. [

REMARK 4. From Theorem 8, it follows that the structured essential pseudo-
spectrum of closed linear operator pencils is invariant under perturbation of comple-
tely continuous linear operators on ultrametric Banach spaces over Q.

Theorem 9. Suppose that K = Q, and ||&]| C |Qp|. Let S € €(&) and
B,C,M € #(&) with 0 € p(B) N p(C) and € > 0. Then

0e:(S,M,B,C) = ﬂ 0.(S+K,M,B,C).
Ke%.(&)

Proor. If
xg () oS+ K,M,B,C),
Ke%.(&)
then there exists K € 6.(&) with A € 0.(S + K, M, B,C). By Theorem 5, (S + K +
CDB — AM)~! € B(&) for any D € %B(&) such that | D|| < . Hence

S+ K+ CDB—AM € ®&) and ind(S + K + CDB—AM)=0.  (10)

By Lemma 1, for each D € #(&) with ||D|| < ¢, we get

S+ CDB—AM € ®(&) and ind(S + CDB — AM) — 0. (11)
Then
A& o..(8,M, B,C).
Thus
0ee(S,M,B,C)C (] 0:(S+K,M,B,C). (12)
Ke€.(&)

Conversely, if A € 0..(S,M,B,C). From Theorem 7, for each D € Z(&) such
that [|D] < &, A &€ 0e(S + CDB,M). By Theorem 3, there is K € %.(&) with
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A& o(S+ CDB+ K, M), hence for each D € #(&) such that |D| < e, A €
p(S+ K + CDB,M). Then
Ae N p(S + K +CDB, M). (13)

DeB(&):|D||<e
By Theorem 5, A € 0.(S + K, M, B,C). Consequently,

xg () oo(S+K,M,B,C).

KeE.(&)
Thus
0ee(S,M,B,C) = () o0o(S+ K MB,C). O
Ke%.(8)

REMARK 5. Assume that K = Q, and ||&]| € |Qp|- Let S € ¥(&) and
B,C,M € #B(&) with 0 € p(B) N p(C) and ¢ > 0. From Example 3.31 of [13]
and Theorem 9, we obtain

0ee(S,M,B,C) = () 0:(S+F,M,B,C).
FeZy(&8)

Proposition 2. Let & be an ultrametric Banach space over a spherically com-
plete field K such that ||&]] C [K|. Let S € (&) and B,C,M € %(&) such that
0 € p(B)Np(C) and e > 0. Then

(i) 0ec(S,M,B,C) C 0.(S, M, B,C).
(ii) Foreache; and ey such that 0 < €1 < €2, we get 0.(S, M) C 0c, (S,M,B,C) C

Oe,e, (S, M, B,C).

Proor. (i) If XA € 0. (S, M, B,C). From Theorem 5,

Ae U 0.(S +CDB, M).
DeRB(&):||D|<e
By 0.(S+ CDB,M) C 0(S+CDB, M), hence
\e U o(S+ CDB,M).
DeRB(&):||D|<e
From Theorem 5, A € 0.(S, M, B,C).
(ii) Firstly, we prove that for each ¢ > 0,
0e(S, M) C 0..(S,M, B,C).
If X & oee(S,M,B,C), thus for each D € (&) such that ||D|| < e, we get AM —
(S+CDB) € ®(&) and ind(AM — (S+CDB)) =0. Ase — 0, \M — S € (&) and
ind(AM — S) =0, then A & 0.(S, M). Thus
0e(S, M) C 0..(S,M, B,C).
Let A & 0c., (S, M, B,C), hence for each D € #(&) such that ||D|| < 2, AM —
(S+ CDB) € ®(&) and ind(AM — (S + CDB)) = 0. Since ¢; < eg, for all D €
B(&): ||D|| <er, AM —(S+ CDB) € ®(&) and ind(AM — (S + CDB)) = 0, thus
A& 0c.1(S, M, B,C). Consequently, o¢ ., (S, M,B,C) C 0..,(S,M,B,C). O
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Proposition 3. Assume that K = Q, and ||&]| C |Qp|. Let S € €(&) and
B,C,M € B(&) with 0 € p(B) N p(C) and € > 0, hence

0e(8, M) = () 0c.c(S. M, B,C).
e>0

PROOF. Suppose that A € () o¢.(S, M, B,C) and ||&]|| C |Q,|. By Theorem 9,

e>0
(Joeec(SM,B,C)= () [ 0:(S+K M,B,C)
e>0 e>0Keb.(&)

\ ()o<(S+K MB,C). (14)
Ke€.(&)e>0

From (ii) of Theorem 4,
() o=(S+K,M,B,C) = o(S + K, M).
e>0
By (14), we get
(Voee(S. M, B.C) = [ oS +KM).

e>0 Ke6.(&)

By Theorem 3, A € 0.(S, M). Conversely, A € 0.(S, M). From Theorem 4,

xe () o(S+K,M).
Ke%.(&)

By (ii) of Theorem 4, we have

xe() () oo(S+KMB,C).
e>0 K€€, (&)

Since ||€]| € |Qp|, by Theorem 5,

e U (| o(S+CDB+ K M).
e>0 DeB(8):||D||<e KEC.(&)

By Theorem 3, A € ) U 0e(S + CDB, M). From Theorem 7, A €
e>0 DeB(&):|| D||<e

) 0ee(S, M, B,C). Consequently,

e>0

0e(S, M) = () 0ec(S,M,B,C). O
e>0

EXAMPLE 1. Let B,C, M € #(é&,) be diagonal operators such that 0 € p(M)
and for any ¢ € N, Be; = b;e;, Ce; = cje; and Me; = m;e; where sup |b;|, sup |¢;| and
ieN ieN
sup |m;| are finite. Let S be an unbounded diagonal operator defined on &, by for
ieN
all i € N, Se; = a;e; where lim |a;| = oo and
1— 00

D(S) = {& = (i)ien € &+ lim follallleal] = 0}.
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One can see that

o(S,M) = {a;m; ' :i € N},

and for each

bic;
Xep(S, M), |B(S—-AM)~"'C| = —
p(S, M), [|B( ) Cl i Py o
Consequently,
0:(S,M,B,C) = {aimi_l 1 EN}U {)\EK:sup LU BN —}.
ieN ai—)\mi 3

1.

10.

11.

12.

13.
14.

15.
16.
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